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MATHEMATICS EDUCATION REPORTS

The Mathematics Education Reports series makes available recen:-
analyses gpd syntheses of research and development efforts in mathematics
education. We are pleased to make available as part of this series the
papers frem the Workshop on Teaching Strategies sponsored by the Georgia
Cen&er for the Study-of Learning and Teaching Mathematics.

Other Mathematics Education Reports make available information
concerning mathematics education documents analyzed at the ERIC
Information Analysis Center for Science, Mathematics, and Eovironmental
Educarion. These reports fall into three hroad categories. Reseaxch
reviews sunmarize and analyze recent research in specific ayreas of
mathematics education. Resource guides identify and analyze-materials
and rteferences for usé by mathematics teachers at all levels. Special
bibliographies announce the availability of documents and review the
literature in selected interest areas of mathematics education. Reports
in each of these categories may also be targeted for specific sub-

poputations of the mathematics education community.

Priorities for the development of Ffuture Mathematics Education Reports

are established by the advisory board of the Center., it cooperation with
the Naticnal Council of Teachers of Machematics. the Special Interest

Group for Research in Mathematics Education, and other professional

groups 1in mathematics educaticn. Individual comments om past Reports and
suggestions for futufe Reports are always yelcomed by the ERIC/SMEAC Center.

Jon L. Higegins
Assocliate Director
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Acknowledgements and Overview

The Ceorgla Center for the Study of Learning and Teaching Mathematics
(GCSLTM) was started July 1, 1975, through a founding grant from the
National Sclence Foundation. Vatrious activities preceded the founding
of the GCSLTM. The mose significant was a conference held at Columbia
University in October of 1970 on Plagetian Cognitive-Development and
Mathematical Education. This conference was directed by the late Myrom
F. Rosskopf and jointly sponsored by the National Council of Teachers of
Mathematics and the Department of Mathematical Education, Teathers
College, Columblia University with a grant from the National Science
Foundation. Following the October 1970 Conference, Professor Rosskopf
spent the winter and epring quarters of 1971 ae a visiting professor of
Mathematics Education at che University of Georgla. During these two
quarters, the editorial work was completed on the proceedings of the
October conference agnd a Letter of Intent was filed in February of 1971
with the National Sclence Foundation to create a Center for Mathemacrical
Education Research and Innovation. FProfessor Rosskopf’s 1llness and
untimely death made ie impossible for him ro develop rhe ideas contained
in that Letter.

After much discussion among faculty in the Departmenr of Machematics
Education at the University of Georgla, it was clear that a center devoted
to the study of mathematics education ought to attack a8 broader range of
problems than was stated in the Letter of Intent. As a result of these
discussions, three areas of study were identified as being of primary
interest in the initial year of the Georgle Center for the Study of
Learning and Teaching Mathematics --Teaching Strategles, Concept Develop-
m2nr, and Problem Solving. Thomas J. Cooney assumed directorship of the
Teaching Strategles Project, Leslie P, Steffe the Concept Development
Project, and Larty L. Hatfield the Problem Solving Prolect.

The GCSLTM 18 intended to be a long-term operation with the broad
goal of improving mathematice education 1n elementary and secondary schools.
To be effective, it was felt that the Center would have to include
mathematice educators with interests commensurate with those of the
project areas. Alternative organizational patterns were avallable--
resident scholars, institutional consortia, or individual consortia.

The latter organizational pattern was chosen becauvse 1t was felt maximum
participation would be then poseible. 1In order to operationalize a
concept of a consortia of individuals, five research workshops were held
during the spring of 1975 at the University of Georgla. Thease workahops
were (ordered by dates held) Teaching Strategles, Number and Measurement
Concepts, Space and Geometry Concepts, Modele for Learning Mathematics,

vil
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and Problem Solving. Papers were compdssioned for each workshop. It
was necessary to commission papers for two reasons. Filrst, current
analyses and syntheses of the knowledge 1n the particular areas chosen
for investigation were needed. Second, a catalyst for further research
and development activities was needed--major problems had to be
identified in the project areas on which work was needed.

Twelve working groups emerged from these workshops: three in
Teaching Strategles, five in Concept Development, and four in Problem
Solving. The three working groups in Teaching Strategies are: Differential
Effecty of Varying Teaching Strategies, John Dossey, Coordinator;
Development of Protocol Materials to Depict Moves and Strategies, Kenneth
Retzer, Coordinator; and Investigation of Certaln Teacher Behavior That
May Be Assoclated with Effective Teaching, Thomas J. Cooney, Coordinator.
The five working groups in Concept Development are: Measurement Concepts,
Thomas Romberg, Coordinator; Rational Number Concepts, Thomas Kieren,
Coordinator; Cerdinal and Ordinal Humber Concepts, Leslie P. Steffe,
Coordinator} 5 .ce and Geometry Concepts, Richard Lesh, Coordinator; and
Models for Learning Mathematics, William Geeslin, Coordinator. The
four working groups in Problem Solving are: Instruction in the Use of
Key Organizers (Single Heurilstles), Frank Leater, Coordinator; Instruction
Organized t0 use Heurlstics in Combinations, Phillip Smith, Coordinator;
Instruction in Problem Solving Strategles, Douglas Grouws, Coordinator;
and Task varlables for Problem Solving Research, Gerald Kulw®, Coordinator.
The twelve working groups are working as units somewhat independently
of one another, As research and development emerges from working groups,
it 1s envisioned that some working groups will merge naturally.

The publication program of the Center 18 of central ilmportance to
Center activities. Research and development monographs and schoel mono-
graphs will be issued, when appropriate, by each working group. The
school monographs will be written in nontechnical language and are to be
aimed at teacher educators and school personnel. Reports of single
studies may be also published as technical reports.

All of the above plans and aspirations would not be possible 1if it
were not for the exlstence of professional mathematics educators with
the expertise 1in and commitment to research and development in mathematics
education. The professional comnitment of mathematlcs educators to the
betterment of mathematics education in the schools has been vastly ynder-
estimated, 1In face, the basic premise on which the GCSLTM 1s predicated
is that there are a significant number of professional mathematics
educators with a great deal of individual commitment to creative scholar-
ship. There is no attempt on the part of the Center to buy this gcholar-
ship--only to stimylate 1t and provide a setting in which 1t can flourish.
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The Center administration wishes to thank the individuals who wrote
the excellent papers for the workshops, the participants who made the
workshops possible, and the National Science Foundation for supporting
financially the first year of Center operation. Varlous individuals have
provided valuable assistance in preparing the papers given at the work—
shops for publication. Mr. David Bradbard provided technical editorship;
Mrs. Julile Wetherbee, Mrs. Elizabeth Platt, Mrs. Kay Abney, and Mra. Cheryl
Hirstein, proved to be able typists; and Mr. Robert Petty drafted the
figures. Mrs. Julle Wetherbee also provided expertise in the daily
operation of the Center during its first year. One can only feel grateful
for the existence of such capable and hardworking people.

Thomas J. Cooney Leslie P. Stefte Larry L. Hatfield

Director Director DMrector

Teaching Strategies - Concept Development Problem Solving
and

Director, GCSLTM
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Research on Teaching Strategles:
An Introduwction
Thomas J. Cooney

University of Georgla

The Teaching Strategles Project has as 1ts main objective the study
of teaching and teacher tralning. In particulars; the project 1s concerned
with logical aspects of teacher behavior and the way in which these aspects
may relate to effective teaching. The work of the Teaching Strategles
Project originated in the theory of teaching advanced by Smith and
Henderson. The papers in this collection focus on theory and research
concerning the teaching of mathematics and possible directions for further
research. In this intrceduction, the contents of the papers are highlighted
and promising research on teaching mathematics that was done outside the
project is identified and discussed.

Hyman {1971) described teaching as a triadic relationship, involving
a teacher, at least one pupil, and the subject matter to be tawght and
learned. Henderson (1971) provided a more formalized conceptualization of
teaching by interpreting teaching.as a ternary relation T{x, y, z)}. To
Henderson, the domain of x constitutes "sequences of ‘actions’ of an object
which, in terms of some criteria,” 1s identified as a teacher” {(p. 137}.
The domain of y 18 the set of teachable obiecets., The domain of 2 according
to Henderson 1s "sequences of actions or behaviors of a person whe, 1n
terms of some set criteria, 1s identified as a learner” (p. 138). It is
clear that the domain of z 1s a factor influencing the consclous actions
of a teacher, as teachers behave diffarently with respect to the nature of
tiie learner and the Iearner's respective actions. 4An artistic teacher
alters. his or her teaching strategles according to his or her perception
of the status of the learner as evidanced by the learner's behaviors.

Although not as obviocus, the domaln of ¥ 18 also a factor in determining
the strategies a teacher utilizes. Henderson (1972) made the following
observation with reference to the nature and influence on teaching of
the domain of y:

One can hypothesize that the kind of teachable object

(value of y) makes a difference in teaching {value of x)

just as the kind of behavior of the student (value of z)

does. Swurely a tescher should go about teaching an item

of analytic knowledge or belief differently than he would

an item of empirical knowledge or belief. And just as suraly

a teacher shouwld draw a distinction between a factuwal state-

ment and a value judgment and hence teach them differently. (p. &)

Q 10
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Te illustrate, consider three items of knowledge commonly found in
secondary school mathematics.

1. Rhombus
2. A rhombus is a parallelogram with two adjacent sides congruent.
3. The diagonals of a rhombus are perpendicular.

Consider, now, what a teacher might do in teaching these items of knowledge.
For item 1 it makes sense to point to a specific object that represents

or does not represent a rhombus. But it does not make sense to point to

a specific object and say that it does or does not represent items 2 or 3.
This is because the referent of item 1 is a coilection of objects whereas
the other two items involve truth functional statements. But these Lwe
statements differ also. 1In 2 a common definition of a rhombus is given.

A8 such, the statement is true by agreement cor stipulation. In 3, however,
the truth of the statement is predicated on the truth of other assertions=—-
gome definitional and soms deduced from previously established statements.
The nature of the teachable object in each case will determines in pare,
how a teacher behaves and the nature of the teaching strategy selected.

It is generally recognized that teachers must have extensive knowledge
of both subject matter and basic psychological principles applicable to
classroonm instruction. What is not as readily recognized is the relevance
of epistemology in determining a teacher's behavior. As Henderson
pointed cut, the nature of the knowledge being taught also determines a
teacher’s actiona. Smith (1969), in discussing this third kind of knowledge.
wrote: :

It has only recently been recognized that there 1s another
sort ¢f knowledge that can influence the performance of a
teacher: that used In thinking about the subject matter and
the logical operations used in manipulating ie. (p. 125)

The point is that a teacher is potentially better able to facilitate
student achievement if he or she is aware of the type of knowledge--e.g.,
beliefis, concepts, and principles--veing taught and the various logical
operations--e.g., exemplifying, comparing and contrasting, describing,
characterizing, classifying, inferring, explaining, justifying., abstracting,
generalizing, and applying~--used in manipulating each type of knowledge.
with reference ro understanding the various types of knowledge and the
ways in which they can be manipulated, Smith {1969) observed:

Because teachers do not now possess such understanding they
frequently handle the subject matter of instruction in superficial
ways. Gonsequently, class discussion often suffers from

undue vagueness and ambiguity, from unfounded and unchallenged
claims, from a failure to develop the significance of the

content. (p. 126)

11
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Hence, it seems that research related to (a)} explicating various forms
of mathematical iknowledges (b) explicating ways of presenting knowledge,
and {c) 1ldentifying effective means of conveylog different types of knowledge
to teachers 1s essentlal for the development of a theory of teaching
mathematics. Some groundwork for such research has already been completed
by scholars who have theorized and explicated various types of kuowledge,
wiz,, mathematical concepts, principles, and skills., Some researchers
have provided detalled and carefully defined descriptions of teachers’
actions when teaching mathematical concepts, principles, and skills.

Others have conducted empitical investigatious dealing with the efficacy
of various teaching strategies as defined in terms of the desctiptive work
of previous research,

The Necessity of Studying Teaching=--Or--
Teying to Avold Ostrichism

If various journals reporting research on teaching or on teacher
education are reviewed, there are several observations one might make,
Depending in part on how various research studies are categorized, it
appears that relatively few studies have focused on teaching behavior, on
the identificacion of principles for effective teaching, or on related
problems in teacher education. A second striking factor 1s that studies
investigating these problem areas have little common theoretical Erame-
work connecting them. This 15 not a criticism of the studies., In almost
every case,the study is a solid plece of work and represents an extensive
effort by the researcher. The lack of a common theoretical framework 1s
not unique to research on teaching and is in fact characteristic of most
research in mathematics education. (A concern for the lack of such a
framework is essentially the raison d’etre of the Georgia Center for the
Study of Learning and Teaching Mathematics,)

To some the pauclity of research on teaching can be actributed to
the belief that a teacher’s effectiveness is primarily contingent upon
attitudes and personality attributes of the teacher and influential facgtors
in the child’s home environment. Indeeds there is some empirical evidence
to support these beliefs. Berliner {1975) noted that for subjects such
as reading and social studies home influences are very powerful and could
account for a substantial amount of the varlance of student achievement.
Berliner went on to point out that in subject areas not commonly learned
at home, notably the scilences, sociceconomic conditions account for less
variance than in reading, social studiles, or language arts. Berliner (1975)
concluded that there is more variance 1n acheivement of the sciences to
be attributed to school and teacher effects (p. 16).

12
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Seill, some asgue that teaching is an art and that efforés to subject
it to scientific inquiry are futile. Davis (1967) subscribed to the
following position:

My proposition, obviously, is that the process of teaching
is the practice of an arc. It is not the application of a
sclence 1u =y presently meaningful sense of such a phrase:
and the suggestion that it is must be labelled as, at best,
a conspicuous instance of wishfyl thinking. (p. 38)

Gallagher (1970) made the following statements with respect to whether
the artistry of reaching precludes scientific Investigation.

Is teaching an are? Indeed it is. Perhaps too much of
one. Surgery was once too much an art and many people

died as a result. Cooking is an art, and while few people
die of it these days, drugstores do a thriving business

in remedies for misbegotten creative culinary efforts.

For when a set of skills 13 in a developmental stage where
pecple say, "It is an art,” they mean several things. First,
that there are only a very few persons who have the skills
that can fdentify them as highly effective practitioners.
as "artists.” Second, even these artists cannot give a
systematic account of how they practice their art, and they
are reduced to modeling their performance for those who
would learn from them. But it is hard to imitate the true
artist, and his genius too often dies with him.

Those interested in the improvement of education and teaching
would like to remove gome of the mystery of the art of effective
teaching through systematic study. (p. 30)

No thoughtful person would argue that mathematics teaching is not an
art. The question is not whether mathematics teaching is an art but
whether it is amenable to scientific inquiry. The position of the, Teaching
Strategies Project is that mathematics teaching can and will be improved
through the elucidation of both analytic and empirical principles. Such
principles can be identified through analyses of theoretical pesitions,
descriptive investigations, and tightly controlled experimental studies.

Many artistic endeavers are subject to improvement as a resulet of
sclentific inguiry., Consider the field of athletics. Clearly an athletic
event embodies the emotions of its participants. Indeed, emotions are
sometimes a critical factor in an athlete's performance. Further, some
athletes are more gifted, i.e., artistic, than cihers. Yat each athlete
myst adhere to some fundamental principles of performance, or the potential
benefit of emotlons and artistry will be greatly diminished. For the
most part these principles are teachable and constitute items of
instruction for ceoaches.

Probably no argument, however rational and eloquently stated, will
change one's opinion on whether the teaching of mathematics should be
studied in its own right. The controversy can and should be resolved

ERIC 13
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only when evidence is available concerning the existence or nonexistence

of principles fo. improving the teaching of mathematics. The conceprualization
that began with Smith and Henderson has resulted in borh evidence -and

promise for the continued search for such principles. Elaboration of

that evidence and promise is one of the primary considerations of this
monograph.

From one perspective there is litcle cholice bub to continue such
research. That perspective relates to the advent and preliferation of
competency based eteacher education programs. Few would argue against the
construct of competency based teacher education. (Is its complement
incompetency based teacher education?} Yet the wmain hiatus in competency
based teacher education is the dearch of reliable research that would
identify maxims for teaching mathematics effectively. In view of the
tens of thousands of studencs aspiring to become mathemarics tzachers and
the profession's commitment to better teacher education programs, 1t Seems
reasonable and desirable to expand and coordinate research efforrs. Brophy
{1975) put it this way.

Teacher educators and educational researchers need to pay more
attencion to the accumulation of a data base that would allow
truly prescriptive ceacher education to emerge. Propounding
ideas on the basis 0of commitments rather than supportive data
is unscientific to say the least, and blowing with the wind by
propounding the latesc educational fad is even worse. (p. 15)

Berlimer {1975) has lamented the state of the art in comperency based
teacher education programs and teacher accountability systems. His comments
balow doubtless apply to some extent to all® teacher @ducation programs.

Ostrichism is a4 common disease often afflicting education.
Ics etiology is a premature commitment to a particular
educational movement. Behavioral symptoms include the
practice of sticking one's head in the sand when problems
appeatr. ia the hope that the problems will go away. {p. 1)

The goal of the Georgia Center in general and of the Teaching Strategies
Project in particular is to begin the arduous task of doing coordinated
research. The justification for the workshop in teaching strategies, for
which the papers in this monograph were commissioned, is the belief that
the development of a theory of teaching mathematics would be facilitated
by developing a coordinated research program. To date, most studies on
teaching strategies have been dissertation studies. Alchough such studies
can make significant contributions to knowledge aboytr teaching mathematics,
dissertation studies do not constitute the coordinated program of research
that is necessary for the formulation of a theory. The Teaching Strategies
Project intends to provide a cacalyst for the identifications of a program
of research.

o 14
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A Perspective on the Papers

The papers in this monograph represent the thinking of individuals
integrally involvad in research on teaching mathematics. The purpose of
this gection is to mention and comment on particularly important points
made Py the varicus authors. Although the comments are, in a sense,
specific te the Teaching Strategies Project, they alse express cancerns
that apply to much educational research.

Smith's paper provides a context for understanding the histerical
development of the Project's current research. In addition to the interesting
historical perspective, Smith summarizes several points thar distinguish
research in this project. One such point is the relevance of epistemology
to the teaching act, that is, the nature of the knowledge being taughe
is a determining factor in how one should teach. This entails differentiating
a teacher’s interaction with content from his interaction with students.

This distincetion is a vital consideration for research.

Another point Smith makes is that since two variables—-clarity and
acceptance of pupil responses——have been identified as related to student
achievement, there is promise that others can be identified. Perhaps so.
"Clarity" is an interesting variable. The construct “clarity” has not
teen adequately characterized—--its behavioral manifestations are not well
defined and must be inferred as one observes teaching. The question arises
as to haow this variable is relevant to the Teaching Strategies Project.

Is is possible, for example, to view clarity in the way that mévés and
strategies occur in teaching behavior? This topic will be explored I
greater detail later in ehis paper. S

Henderson's paper provides a basis for understanding and appreciating
the evolution and contribution of pedagopgical theory in teaching mathe-
matics. His contribution, in concert with Smith's, identifies a unique
characteristic of the project. The work of these two Scholars and theorists
provides the backdrop for the continuing research on moves and strategies
in teaching mathematics.

Handerson makes gseveral important sugpestions concerniag additional
research. An especially intriguing suggestion comcerns the diagnostic
ability of mathematics teachers. As one reviews the literature on research_
on teaching, the large number and complexity of variables involved in the
teaching process become increasingly apparent (in some ways painfully so).
Probably no single dimension will account for effective teaching. If
raegsearch on teaching points te anything it points to the reasonablenesas
of this conjecture. This suggests that effective teaching may be related
to a teacher's ability to recognize and react to specific classroom
behaviors--in short, a teacher’s diagnostic ability. The guestion then
arises as to the extent to which a teacher's ability to identify and
differentiate various interactive styles (teacher--student--geacher, etc.)
can be described in terms of moves and strategies as these cohstructs are
cutrently defined.

15
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Henderson ralsed several questions In his oresl presentation at the
workshop that bear relterating:

1. To what extent can research filndings peneralize across teachers,
pedagogiczl approaches, or other subiect areas?

2. To what extent should analytlec work be done regarding the
set of teachable objeces? -

3. Do research findings translate into textbook writings, classroom
teaching practices, or both?

Since most research on teaching has been conducted by people not assoclated
with mathematics education, the first question strikes at the heart of
what we might claim to know about teaching mathematiecs. Henderson {in his
oral presentation) stated that a theoretical - approach to teaching should

be based on the logic of various subject areas rather than on general
psychologlcal factors. This does not preclude the possibility, of course,
that varlables identified through educational research outside mathematics
might have relevance to research on teaching mathematics, But it does
raise the issue of what we can justifiably claim to know about the teaching
of mathematics when our svidence is based on research not explicitly
involved with mathematlcs.

The second question posed above focuses on the determination of the
type of research that should be given prioriry in teaching strategies
research, A great deal of analytic work has already been done in explicating
the teaching of concepts, generallzations, and skills by Ginther {1965},
Pavelka (1975}, Semilla (1971}, and Todd {1972). Other researchers have
described how teachers justify knowledge (Wolfe, 1969) and how teachers
help students organize knoweldge (Cooney & Henderson, 1972}, F¥or the most
part these studles involved an interaction of loglcal considerations and
analysis of teachlng behavior.

At what polnt should such analytic work continue or yield to
emplrical investigations? Turner, in his oral presentation at the workzhaop,
geemed to suggest that any additional analytic work on the models for
teaching concepts, generalizations, and skills should be basedon a need
established by empirical evidence. Future research will probably not be
entirely analytlic or empirical. Rather these twe types of research will
likely emerge in concert with one another. The empirical research by
Dossey and analytic work on explicating indicators of student learning
represent two differenct vet mutually supportive research efforts.

The gquestlon of whether research findings translate into textbook
writinga, clasarcom teaching practices, or both 1s especlally relevant to
the research conducted by Dossey and Swank. Both investigators studled what
Turmer refers to as monadlc strategiles. The strategles in Dossey's treatments
were expresgsed through programmed instruction and hence were carefully defined
with greater confidence to the differences in the strategles employed.
1f a series of studles were to ldentify strategles that seemed particularly

¢
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effective in a controlied setting, one might then ask whether they were

also effective In the complex world of the ciassroom. Essentially the
approach is one of doing "microcosmic' research in the hope that significant
findings will em@rge which will vield effective teaching principles in

the "macrocosm” of classcoom interactions. Dosse¥'s investipgation of the
effecks of various strategies across different types of concepts is
particularly interesting.

Swank's primary objective, identifying effective teaching strategies,
is the same as Dossey's. Bur the approach is different. Wiereas Dossey
examined specific and well-defined strategies, Swank examined the totality
of the moves used in teaching coucepts. 1In particular, he investigated
the differential effects of a strategy having a "high" number of moves versus
one having a "low" number of moves at twoe levels of classrcom interaction.
Should these "pross" strategies result in differential effects, then
refinements of these strategies could be defined and investipated.

Swank did the teaching himself and used the school mathematics concept
of Function. These two features of the study made it more representative
of classroom teaching. Yet Swank's strategies wust still be classifiad
as monadic since they were determined a priori and hence could not be
completely sensitive to student responses. As Turner pointed out, a truly
dyadic strategy comPlicates an eXperiment a great deal and can greatly
escalate the cosr.

The work of Dossey, Swank, and others doing similar studies can
provide an empirical justification for padagogical theory. Further,
their research suggests saveral areas worthy of investigation. For example,
Swank found that the treatment involving a high level of interaction
facilitated achievement for higher ability students but not for lower ability
students. Swank conjectured that the lower ability students may have been
somewhat threatened by a higher amount of verbal interaction. This suggests
that aptitude rreatment interaction studies might be done in which the
nature of the stratepgy is varied along with student characteristics.

Dossey suggested that the "power" of various moves be atudied.
Investigations might be conducted in a clinical setting where more detailed
observations could be made regarding how various moves are received by
students. Soviet educational psychologists use a methodology referred
to as the "teaching experiment” in which the experimenter observes how
5tudents interact with the content as the teaching process proceeds. The
"research product" is the gqualltative aspects of student behavior observed
by the experimenter. This methodology has a great deal of promise for
the type of research Dossey suggested.
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Turner's contribution Suggests a way to structure research in teaching
strategies. The need for such structure in all areas of educational
research becomes increasingly more obvious as one reviews tha literature.
Merrill and Woed (1974) have also devised a scheme to structure researci.
Their model is based on four facets of instruction: learner aptitudes,
subject matter content, instructional strategies, and instructional
delivery systems. Although the two schemes are not entirely isomorphic,
Merrill and Wood's facets relace closely to Turner's four primary
domains: teachable objects, teacher actions, student attributes, and
student indicators of learning.

Turner suggests not only a structure but also steps researchers can
take to provide more precise experiments and coordination between expari-
ments. He gives particular attencion to Problems related to defining
and structuring elements within a domain and reducing known sources of
variance wirhin an experimental treatment.

One problem deserving attention is the construction of sampling frames
Eor teachable objects. The large and heterogeneous class of teachable
abjects presents a real problem to anyone trying to generalize research
findings. Withour homogeneous classes of teachable objects, it is .
difficult to determine whether a Finding involving a parcicular concept
or principle is specific to that knowledge or whether it can be generalized
te other concepts or principles. Analytic work invelving. the construction
of homogeneous classes of teachable objects constitutes a desirable and
in some sense, necessary project For those involved in research on teaching.

Another area worthy of consideration is the explication of different
types of levels or indicators of stydent achievement for the wvarious
teachable objects. Turner's suggestion that indicators could be based
on moves for teaching concepes, generalizations, and skills has in fact
already been done--zt least to some extent. Cooney, Davias, & Henderson
{1975}, in discussing the evaluation of student performance, use moves
for teaching as the vehicle for assessing learning. The development of
a hierarchy of moves and hence learning outcomes has not been done,
however.

Turner makes the point that experimenters comparing treatments-—for
example, DoSSe¥ and Swank--should strive to make the various strategies
equivalent in clarity and content. The less this equivalence is achieved,
the more the comparison among treatments is compromised. For example, the
determination of the differential effects of a characterization--exempli-
fication--characterization (ECE} strategy versus an exemplification--
characterization--exemplification (ECE)} strategy 1s meaningful only if the
strategies are equivalent in clarity and in the content of the moves
compriging the ¢ moves and the E moves. If one strategy is clearer than
the other or if one group of C moves contains more information then
another set ¢f C moves, then the desired comparison Is confounded. Concerns
of this nature permeate much of educational research. Cronbach (1966)
criticized experiments involving expository and discovery teaching because
of blases in favor of the richness of the discovery treatments.
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Turner also questions how one selects the strategles to be lnvestigated.
Obvinusly, the pumber of possible viable strategies 1s very large. 1In
some studies , the strategles have been selected to correspond Lo the

strategies teachers use 1n the classroom. Thls was the approach paken by Swank.

Others--for example, Gaston and Kolb (1973)--gelected strategles that typify
various theoretical apprcaches €o ingtruction. Still a rationale for

the selection of moves and strategies is not yet altogether clear. Turner
suggests that an alternative approach be considered: training teachers

to use moves in their teaching. The comparison then becomes one of
contrasting the elfectiveness of teachers who have had such training with
teachers who have not.

This approach has some appeal. For one thing: the ensulng treatments
would then incorporat: a dyadic definitlon of teaching. Perhaps a teacher
who has been trailned to use a variety of moves wlll be more effective than
one who has not, Further, if certain seudent behaviors correlate with
certain teacher behaviors, a3 Gregorvy and Osborne’s {1975) work suggests,
then one can ask whether a tcacher’s knowledge of moves 1s reflected in
fls or her students® behavior in class. If research follows this veln,
and eventually 1t will, then the work of Retzer and others developing
protocol materials will become 1lncreasingly significant.

Retzer's development and research actlvitles can be characterized in
terms of Turner's domains. For Retzer, the First domain (teachable objects)
consists of knowledge of moves. The second domaln {teacher actions) 1lnvolves
protocols and other types of delivery systems designed to teach the knowledge
of moves, The third domain {student attributes) deals with the attributes
of the trainee, e.3., whether the teacher is preservice or lnservice.

The fourth domain (student indicators of learning) deals with evidence
that the trailnee can in fact utllize knowledge of moves. The fifth domaln
(setting variables) constitutes the nature of the tralning program, the
institutlon, and other aspects of the context of the dellvery system.

Thuss research on delivery systems would constitute the selection of
content {domain 1}, a method of presenting that content (domain 2} with
respect to the natute of the subjects {n the sample {domain 3), and
ctiterion measures for asaessing gutcomes (domaln 4). In many respects
the concerns ralsed above regarding research on identifying effective
teaching strategies also apply to research on identifying effective
delivery systems for knowledge of moves. Research of this type touches
on an essential characteristic of competency based teacher education programs.
Competency based programs are necessarlly concerned with means of training
ptospective teachers Lo demonatrate certain desired and specified behaviors,

Research of the type Retzer suggests ldentifies the concern of how to
determine if trainees have knowledge of moves and can utilize them in a
teaching situation., To some gxrent oneé can use paper-and-pencll activities
to ascertain knowledge of moves, Paper-and-pencll technlques, however,
are inadequate to assess teaching abllity. The problem 1is complicated
pattly because of what Retzer refers to as the "can do/will do" question.
One can assess what a teacher can do under certaln specified conditions.
But whether 2 teacher will 40 in a classroom teaching situation what he
can do is an open question. There 15 also the confounding 1ssue of values.
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A teacher might be able to use a certain technique but decide not to.

This involves the teacher's value system. A teacher's values may be such
that & certain mgve or procedure is cousciously selected out. This preseuts
a most diffjcult problem in evaluating teaching behavior. It is difficult
te determine whether a teacher cannct use a move or strategy or whether

he or she has elected not to use LE.

Retzer poilnts gut that protocol materjals are one means ©of teaching
moves and pedagogical concepts. Gliessman emphasizes the necessity of
developirg protocol materials if research is to permit replication and
interpretation. Hence, the development of protocol and training materials
is and should be an important objective of this project. Because of the
importance of developing protocols, several points raised by Retzer and
Gliessman deserve mention. The first relates to the probiems of producing
materials, and the second relates to subsequent research iavolving the
materials.

Gliessman emphasizes several key peints o be considered iu producing
materials. One iz to avoid materials which rely on multiple media.
According to Gliessman, film materials that require a lot of printed
material to explain their use are not likely to be used. Further, the
materials should be brief and flexible. Extensive written materijals
generally result in vague and ambiguous concepts for the viewer. Of course,
the pedagogical concept being depicted must itself be clearly defined
with specific behavioral indicators or else the protocol 18 compronmised
from the start. Another polnt made by Gliessman js the desirability of
producing materials with high technfical quality and relatively free of
nolse. Macterials that are well planned and conceptualized but are of peoor

- technical quality generally will not be used by educators. Further,
protocols must also be relatively free of nolse when illustrating various
concepts.  For example, a technically superior film invoiving the use of
counterexampies will not be well received 1f it also contains poor
teaching practices. Viewers will likely focus on those poor practices
to the exclusion of the concept being fllustrated. An examination of
varlous protocol films suggests that this is a nontrivial point.

One last point relates to the selection of a medium, e.g., film or
film strips, for illustrating the concept. Gliessman urges that the
full range of media be considered. In part, his advice is spurred by
a cost-benefit question. Since high quality products can range anywhere
from $400 for a ten-minute film strip to $12,000 for a ten-minute coler
motion picture, one must ask whether the benefits of a color mation
plcture warrant the extensive tost. The answerl, in part, involves
research on expected outcomes of using protocol materials. For example,
In considering printed material such as transcripts or textbooks, audio-
tapes or movie films, one can ask which of these is superior in promoting
obgervational skills, a teacher's use of moves, or other possible cutcomes.
At some polnt these questions should be dealt with by the producers of
protocel materials.
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Suydam’s message, most welcome and worthy of consideration, 1s that
research not specifically related to teaching strategies might reveal
interesting questions and Insights concerning our research. In fact, in
the next section, additlonal issues in educaticnal research will be raised
thst are relevant te the Teaching Strategles Project. 1In 4 sense,
Suydam’s comments cause one to reflect on the more global aspect of this
project.

Suydam asks about the type of crganizaticn implicit in research on
teaching strategies. 7To dare moat of the research on rhe differential
effects of variovus strategles has been concerned with expesitory teaching.
But the models do not dictate one type of teaching behavior. The models
depict ways in which & teacher can "interacr” with the content. Although
the sequence of moves--assertlion, instance, instance, Instance, instance--
suggests an expository strategy, the sequence--instance, instance,
instance, instance, assertion--suggests a discovery approach or perhaps
s laboratory approach where the instances are modeled in concrete objects.,
Hence, the moves can exemplify a varlety of instructional modes.

The following sequence of gquestions raised by Suydam are basic to
research on teaching strategies:

1. Does having teachers focus on specific types of language help
students in achieving certain educational geals related to that language?

2, What language patterns do teachers use?
3. What is the effect of these patterns on students’ performance?

The study that gave rise to these quedtions was conducted by Grepory
(1972). CGregory socught to establish'a relationship between a teacher's
use of conditional logic and seventh-grade students’ conditional
reasoning ability. The report by Gregory and Osborne (1975) contained
evidence that the relationship might exist, It is known that teachers
vary in their use of moves for teaching concepts and principles. The
pattern of these occurrences is still being investigated., If relationships
between patterns of language and cognitive, or affective, outcomes can be
identified, an educationally significant finding would be revealed,.
The pattern of the language might be agcertained by qualitative or
quantitative aspects of moves and strategies. Or the Pattern might be
described by some other constructs., such as varlability or clarity,
that could be at least partlally described in terms of moves or strategies.

Suydam ralsed other issues that also deserve consideration. Her
emphasis on the role that questions play in teaching and in learning is
well taken. Another issue I1s the need for researchers to communicate how
terms are being used so better interpretations across studies can be made.
Her suggestion that language patterns of teachers other than mathematics
teachers be considered as a way of enlightening our inslghts into the
teaching of mathematics is yet another issue worthy of consideration.
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In the section "Last Reflections.” Suydam observes that what is a

good techuique for some teachets is not always a good technique for others.
As she suggests, humanistic concerns must always be an Integral factor in
viewing the totality of teaching. How various factors, affective and
cognitive, weave togecher to articulate effective teaching principles,
generic or specific, is a very complex and unsectled question. Amidst

all of these complexities, one concludes using some empirical evidence,
that the logical nature of a teacher's linguistic behavior is a potent
variable for influencing learning.

Perspectives From Other Research

Earlier in this paper a case was made for the necessity and desirabilicy

of conducting research on teaching and on teacher education in general.
In the preceding section. an attempt was made to provide a perspective on
how research in the Teaching Strategles Project, as exemplified by the
remaining papers in this monograph, can contribute to Identifying effe-
tive teaching principles.. This gection will discuss research on the
teaching of mathemarics and other subjects that has particular relevance
to the work of ehis project.

It is fair eo say that research has found out more about what

varlables ave not related to effective teaching than about what variables
ace re:ated to effective teaching. 1In reviewing the School Mathematica
Study Group's {SMSC)} research on teaching effectivensss, Fey (1969) noted

that:

Effectiveness of teaching using the SMSG materials is not
significancly correlated with teacher's experience, colleglate
courses and grades, or participation in professional activities.
Most and least effective teachers were not differentiated by
the amount of time they spent in preparation for teaching.
There was only a weak indicatlion that procedures in making
assipaments, explaining new material, conducting learning

and thinking experiences relevant toc previocusly assigned
material, and evaluating and responding tc student performance
made a diffevence in the patterns of classroom behavior
developed by effective and ineffective teachers. {p. 55}

What should be noted is that the variables identified above do not

deal with teachers' classroom behavlor, except for those measures invelving
Flanders' instrument. (It should be noted that other research invelving
this instrument has found certain patterns of teacher behavior to be
associated with achievement.} TFey (1969), reviewing other studies in mathe-
matics education, found that variables that describe what teachers are--

as opposed to how they behave in the classroom~tended not to be telated

te achievement.
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It seems reasonable to assume that research mist focus on vhat the
reacher does in the classroom. As mentlioned above there has beer very
little of this kind of research in mathematics education. Exceptions,
as indicated by the articles published in the first six ¥ears of The
Journal for Research in Mathematics Education, consise primarily of
studies on broad classifications of teaching, e.g.s discovery versus
expository or activity versus expository or studies in which a psycholgical
construct such as learning hierarchies was utilized in instruction.

One might have predicted the lack of research on mathematics teaching
behavior. Holtan (1967) surveyed ongoing and proposed research activities
in mathematics education. OFf nearly 90 projects he identified, no more
than ten and prebably less than five could be classified a3 research on
effective teaching behaviocr. 1Is there, then, some body of research relevant
to che research in chis project? There 1s, and some of cthis research

is discussed below.

Promising Variables From Orher Research on Teaching

Dunkin and Biddle ('1974) and Rosenshine and Furst {1971) have
provided impressive syntheses of research on teaching. Some of the
variables in the studies they review appear to be potent--both empirically
and Intuiltively--in predicting effective teaching behavior. Some of these
variables involve affective and others cognitive aspects of teaching. Inm
both reviews, two wvariables, viz., elaricy and variability, are ;ited that
might have particular promise for research on teaching mathematics.

However, these two variables are not easily defined. Dunkin and
Biddle (1974) discuss what they call high inference variables and low
inference variablies. A high inference variable is one which 1s rather
gubjectively determined. That is, its behavicral manifestations are not
well-defined. On the other hand, a low inference variable jis one for
which a behavorial definitjon is easier to obtain, e.g., a count of the
number of questions asked. Usually high Inference variables are more
stable In teaching behavior and gre of more intarest to researchers.
Clarity and variability are considered high inference variables.

Rosenshine apd Furst (1971} cited seven Investigations of the clarity
of a teacher's presentation. Clarity was generally described in terms of
whether the teacher’s points were clear and easy to understand. whether the
teacher had facility with the subject and could react to stuydents in an
intelligent way, and whether the cognitive level of the teacher's lesson
was generally regarded to be appropriate for the students. In general,
clarity accounted for a sipnificant part of the variance of student
achievement. Rosenshine and Furst (1971) noted that "En those studies
for which simple correlations were available, the significant correlations
ranged from .37 te .71" (p. 44). Rosenshine and Furst identified other
studies in which the variables investigated were related to clarlty and were
significantly related to student achievement. Some of these variables
were coherence of presentation, organization, and vagueness (negatively
related to achievement). But it is difficult to ascertain what behaviors
characterize clarity or the related variables even though ratings of these
variables were relatively stable across cccasions for a particular
teacher and class.
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According to Turner (1971}, Bellack and Davitz investigated the con-=
gruence between the operation called for by a teacher's cue and the operation
performed by the student. Turner noted:

A distinctly bizarre outcome of the Bellack and Davitz study

was that the type of rsting reaction given by the teacher,
classified as either positive or negative, remailned constant

at about 80 percent positive irrespective of the congruity or
incongruity of the responses of the pupil. Thus, 1if the cue
called for a definition and the pupil cpined rather than defined,
there appears te be a 4/5 probability that he would be positively
reinforced if the teacher made a rating response at all. (p. 19}

Turner then asked how well teachers uynderstand the logical dimensions
of their cuing behavior.

Is clarity of presentation related to the congruity of the logical
agpects of classroom interactions? Further, if this is a viable way to
view clarity, can moves and strategles as presently explicated be used to
help define clarity in terms of low inference variables? The teaching of
mathematics Seems to be suited to such an analysis.

punkin and Biddle (1974} reviewed several studies by Hiller and others
in which the notion of vagueness of a teacher’s presentation was considered.
Vagueness was found to be negatively associated with pupil achievement.
Further, vagueness seemed teo he specific to teachers and not to lessons.
This finding seems to sSupport the findings related to clarity. Also, a
teachers' knowledge of the subject tended to reduce the vagueness of a
legson. This finding seems to he inconsistent with the result of the
research conducted with mathematics teachers using SMSG materials
{Torrance & Parent, 1966)}.

Generally, a teacher's knowledge of a subject, as measured by an
achievement test, has not heen found te be related to scudent achievement.
Perhaps, however, there is a more fruitful way of defining knowledpe of a
subject. Turner (1971) made the following suggestion:

Perhaps the relevant evidence for whether a teacher "knows the
subject” does not lie in whether he can correctly answer che
items on a test SO much as it lies in his reactions to pupil
responses to the cues he himself has emitted--in short, in the
kind of performance standards he employs with respect to
substantive responses from pupils. (p. 20)

This leads te the consideration, then, that the logical dimension of the
teaching act as depicted by moves developed by Henderson and others might
serve as a means of defining a teacher’s knowledge. Consider a mathematical
conicept. Can a teacher identify examples or nonexamples ©of the concept?

Can necessary or sufficilent conditions for objects ro exemplify a concept

be identified? Can the teacher present a counterexample given a false
generalization by a student? Such questions could begin te provide a

basis for defining a teacher’s knowledge of content.
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A second promising variable is rhat of varlability of a teacher's
teaching behavior. Rosenshine and Furst (1971), in reviewing research on
teaching, considered this variable to be quite promising. As with clarity
however, variability 1s a high inference variable for which low inference
behaviors indicaring variability have yet to be identified. Indeed,
variability has been defined in many ways, raonging from the variety of
materials used to cegnitive variability in classroom discourse. Dunkin
and Biddle (1974), in reviewing studles on logical variability, noted that
Furst found rhat reachers logical variability--that is, using analytic
and evaluative comments in contrast to largely empirical statements--—
was positively related to pupil achievement. ‘

Fey (1%69), in reviewing the SMSG studies on teacher effectiveneas,
pointed out that the productive thinking ability of teachers was a
significant predictor of teaching effectiveness. Fey noted:

The most effaccive teachers produced more ldeas about
indications of success or fallure in their teaching,
causes of success or failure, and alternative ways of
teaching course coucepts. (p. 55)

It is not c¢lear how far the notion of producrive rhinking as described
above 1s consistent with the onotlon of variability. What seems intuitively
clear, however, 1s that a teacher who can be flexible and insightful
cancerning factors that contribute to the effectiveness of a lesson is
better equipped to promote learning than one who 1S not. Substantial
work needs to be done to investipate relationships between Particular
clagsroom situations and how teachers can react cognitively (as well as
affectively, of course) to those situations. Again the question arises
as to whether knowledge of moves and strategies can increase a teacher's
variability in teaching.

The variables of clarity and variability were identified by Rosenshine
and Furst (1971) as twe of the five most promising variables based on
empirical evidence for bredicting student achilevement. {(The remaining
three were enthusiasm, task oriented or business like behaviors, and
student opportunity ro learn.) The two variables were chosen for review
here, in part, because empirical evidence suggests they are related to
achievement and,in part, because of thelr appeal to related research 1o
teaching strategies. Henderson, in this monograph, poiots out the
desirability of investigating variables withio the domain of specific
content areas. The analytic nature of mathematics may permit research
on clarity and varlability with a precision not possible io other subject
areas.

Several questions come t0 mind as a result of the above discussion.
They have been suggested previously but are reiterated here for 2mphasis.

1. [f one 1s willing to accept that clarity and variability have

potential for predicting success 1n mathematics achievement, how can this
relationship best be investigated and established?
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2. To what extent can moves and strategies be used to define the
cognitive vartables of clarity and variability?

3. Can a teacher be trained tc exhibit a desired level of clarity and,
if the answer ls yes, how can this training be carried out?

Conclusion

in this paper, issues on research on teaching have been raised and
considered from various perspectives. The goal of research concerning these
issues is the identification of effective teaching princiPles. There are
various approaches that can be used to identify such principles. Studies
which are carefully contrvlled and focus on a monadic definition, Such
as Dossey's, exemplify one such approach. Another is the use of descriptive
studies which explicate various aspects of the teaching act. Medley (1973)
. emphasizes the need for researchers to capture the dynamic aspects of
teaching. A teach-:’s competence is related more to when a teacher uses
a particular technique than the mere fact that it occurs. To illustrate
his polnt, Medley (1973) made the Following analogy:

Medical research does not concern itself with whether the best
doctors use penicillin more often than, say, cortisone; it
concerns itself{ with what penicillin is good for, and what
parameters or conditions determlne its effects, as well as
with what cortisone is good For and what parameters derermine
its effecta. (p. 44)

Descriptive research and tightly controlled research do not have to
be disjoint. DPescriptive work Serves the role of identifying variables
and relationghips worthy of investigation. Consider, for example, the
teaching experiments of the Soviet researchers. Menchinskaya (1969)
investigated the effects of varying irrelevant and relevant attributes
in teaching mathematical concepts. Zykova (1969) observed the effect
of various visual representations of examples and how they affect
acquisition of mathematical concepts. These gstudies are primarily
descriptive in nature, Focusip, »n highly qualitative aspects of teaching
and learning. PFindings of su. cesearch can influence the work of highly
controlled studies, such as those of Shumway (1974} or Dossey and Henderson
(1974), that are relevant to research on teaching strategies.

There is also a need to determine if and how teachers can be trained
to utilize moves or strategies or t0 demonstrate some desired behavior such
ag clarity or variability. Presently, pedagogical theory on teaching
mathematics does not consist of empirical Beneralizations that can be
asserted with great confidence. This situation is not unique to knowledge
about teaching mathematics. It does raise, however, a question concerning
the basis on which teacher education programs can be constructed. Given
the present state of the art, mathematics teacher education programs must
be content with closing the gap between what is belleved desirable and
what is actually the case.
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The growing national movement to hold individuals and institutions
accounttable for their actions makes it more desirable than ever to
investigate principles of effective teaching methods. Teaching is
designed to promote learning. But learning can be caused or inhibited
by factors other than the actions of a teacher. lmplicit in Retzer’s
paper In this monograph is the belief that teachers should take responsibility
for defining those actions for which they are willing to be zccountable.
As an analogy, Retzer (1976) noted that in the case of physician’s account-
ability, one speaks of malpractice not malhealing. Moves and strategies are
one area worthY of consideration in trying to define teacher accowntabiliry.

One other observation should be made. It relates to the concern, raised
in part by Suydam, that teaching is a very complex phenomenon invelving
a large number of variables. In short, teaching can not likely be praofitably
concelved as a unidimensional behavior. Fey (1969}, whom Suydam cites,
says it quite aptly:

Tiia question of predicting teache nffectiveness is not simply
answored by direct measurement o! covious variables, but must
be vieved as a compleX interaction of several interrelated
classes of variables. (p. 60)

Clearly, variation in sequences of moves as presently conceived can

not by themselves singularly and totally account for teacher effectiveness.
© Two teachers using exactly the same strategies are likely to get different

results if affective variables differ greatly. Yer the question remains

as to whether, on the whole, the logical nature of moves is a significant

variable in viewing instruction. Swrely all else being eguwal rapport

is an important ingredient for effective teaching. But ir is highly

doubtful that rapport alone--or any affective variable--can account for

achievement where extensive differences between teachers exist ol cognitive

measures. Thus, the question remains and deserves consideration: "To
what extent can moves and strategies account for variance in effecrive
teaching?"

Finally, the reader may have noticed that this introducrion has raised
far more questions than it has answered. Both the introduction and the
remainder of the monograph are intended to stimulate and challenge those
people interested in research on teaching mathematics. If the intended
stimulavion and challenge leads to research on teaching strategies, them
the unanswered questions will have served their purpose.
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Teaching Strategies: Historical and Contemporary Perspectives
B. Othanel Smith

Univeraity of South Florida

The term "'strategy” comes from the Greek word "strategia' meaning
generalship. It consists of a combination of two words, "stratos' mean-
ing army and "agein" meaning to lead. It pertdins to the art of maneuver~
ing troops or ships, and it is used to denote the science of military
command in conflicet with an enemy. In a more general sense, the word
"strategy" 1s used to denote a particular plan or method of reaching a
gosl. Such a plan or method is an instance of strategy and might appro-—
priately be called a strategem, although we shall not use the singular

Eorm.

Because of its wmilitary origin, we think of strategy in the context
of conflict: the strategy of international pelitics, of a political
campaign, of a military campaign, of labor in its struggle with manage-
ment. The behavior involved in planning and executing a strategy, such
as the atrategy of a military campaign, must presuppose the position of
the enemy, his resources, his likely moves, and eo on. The best strategy
depends upon what the enemy will do as well as his advantages and disad-
vantages.

Pedagogical Uses

Some persons decry the use of the term "stratepy” in pedapogy. It
is easy to believe that naive historians a generation hence will write
of the military mentaliety of those of us who use such terms.

Be that as it may, there are some useful parallels. The classroom
involves a teacher and a number of pupils in situations where objectives
are to be attained through cthe actions of the teacher, ¢ften Iin the face
of such resistances as conflicting motivations and cognitive strains.

How are such situations similar te the ones faced by a genersl? They
both have ends to be attained and means are used t¢ attain them. They
are alike, alsc, because the teacher and the pupils do not always see
alike, and hence the situation often exhibits differences of motivation,
information, and opinion. Then, too, pupils muat be organized and skill-
fully managed if poals are to be realized. &Also, like the military
situation, the parties are in no sense peers. The authority relationship
in the teaching situation is one in which the teacher is always in a

O
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position of greater influence than the pupil. But the similarities

end here. The teaching situation is different in at least two aspects.
For one thing, the outcomes are beneficial to the pupil, and they are

ne leoss to the teacher. For another thing, both teacher and pupil typi-
cally become engaged in cooperative activities that take the pupil into
the domain of knowledge possessed by the teacher.

Pedagogically, strategy refers tg a set of actions that serves to
attain certain results and to guard apainst others. From a general
standpoint, strategies are used to induce pupils to engage in verbal
exchange, to insure that certaln points will be clarified, to reduce
the {rrelevant or wrong responses, to cooperate in activities, to assure
that objectives wil] be attained, and so on.

Apparently "strategy' is a label for what has historically been
catled method or procedure. The galn from changing terminclogy is not

go apparent. Changing the name of a horse does not enable him to win
more taces. The questicn of whether we are talking about the same horse
or a different one is not wholly clear. The term “strategy" is being
used $0 fast and loose by sp many persons that one hardly knows what

is being referred to. We hear such expressions as the "strategy of
measurement," “curriculum scrategy," “control strategy,” and we are told
that sequencing and pacing of learning are strategies. All that aside,
why abandon the word “method ?" There may be no good reason. However,
“"method" is closely jdentified with a priori approaches to the improve-
ment of teaching. When we began to look at teaching behavior as worthy
of study in jts own right, te analyze it, and to seek ways of improving
it as such, we needed new words to designate what we found. So we began
to use such labels as strategy, moves, or tactics. The concepts designated
by these labels are similar to the old concepts of method and techniques,
but they ave alse different. The differences and similarities can be
readily seen In a historical context.

Grand Stratepies of the Recent Past

Up until about three decades ago, the improvement of instructisn con-
sisted largely of attemnts to impose upon teaching behavior patterns
derived from psychological and philosophical concepts. 1In this century,
there are four notable examples of this approach, all rooted in the
Darwinian mencality. The Darwinian view is that the worid is a sltuation
in which living things either adapt themselves or they perish. This
adaptation takes place on a grand scale In which shifts in the environment
bring about the necessity for new ways of existing. These new ways are
determined by variation, patural selection, and a resulting adaptation of
the species to the new situation.

In one way or another the patterns of teaching behavior derived
Erom psychology and philoscophy reflect this cosmic model of adaptation
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and survival. The maze and the puzzle box contrived by Thorndike to study
the learning of animals were miniatures of this cosmic pattern. Deprived
of food in the puzzle box the cat’s survival depended upon his escape.

He did so by trial and erroé. The guccessful trials were retained, and
the errors were stamped out. The process of learning was that of natural
selection among rhe variations of behavior, resulting in adaptation and
survival.

To make sure, Thorndike (1965) ruled out the possibility of imitation
by placing the cat in a position to see other cats escaping from the same
puzzling situation. He ruled out instruction by putting the cat through
the movements which were necessary for escape. In neither case did the
cat learn to escape [rom the box.

Thorndike (1909} thus concluded that the cat learned to extricate
itself neither by intelligence nor by instruction. This conclusion
reflected his general position that

in life and in mind the same cause will always produce the
same effect, that the bodies and mind of men are a part

of nature, that their history is as natural as the history
of the stars, their behavier as natural as the behavior of
an atom of hydrogen.

To improve teaching, according teo this view, is to discover the
natural conditions of learning and to shape the teacher's behavior to
these conditions. Thorndike (1914} stated the natural conditions of
learning in his three laws: the law of readiness, the law of exercise,
and the law of effect. The law of readiness entails some conditions of
imbalance between the organism and its environment, for example, hunger,
as In the case of the cat in the puzzle box. The law of exercise required
that the learner either practice what was planned for him or, as in the
puzzle box, engage in random activities. The law of effect entails
dissatisfaction from failure or satisfactlon from successful trials.

This pattern was First imposed upon the teaching of reading. If the
teacher provided the child with chances to read while in a state of

readiness, the child would make attempts to read and by the effect of rewards

would be encouraged to continue his efforts and thareby learn. Even
today the concept of readiness is basic to the teaching of reading. A
number of attempts were made to apply Thorndike's laws of learning to
teaching in general. By and large his conception of how learning occurs
has permeated our thinking about teaching to such an extent that we are
often unaware that we are persuaded by his views.

A second notable example of the imposition of a pattern upon teach-
ing behavior is to be Found in the work of Skinner (1968). Trial and

errcr left little opportunity for the experimenter deliberately to shape
the response which the cat makes to the puzzle situation. It is to Skinmer
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that we muyst attribute the insight that the cat's behavior in the
situation could be influenced by the experimenter. One of the ways

in which this could be done was to reward those behavicrs which were

in the direction of success and not to reward those that were inappto-
priate. The experimenter could thereby shape the behavior of the animal
by successful approximations toward the desired pattern. Skinner thus
refined Thorndike's laws of exetcise and effect. He substituted for
these laws the concept of shaping the behavior of the learner by
successive increments in the direction of the uvitimate behavior.

This pattern of teaching was tried ocut through programmed instruc=
tion which involved incremental learning by the influence of planned
reinforcement. Today the primary emphasis is upon what is frequently
referred to as behavior modification where teaching becomes a matter of
reinforcing desired behavior and not reinforcing thar which is undesired.
Pupil behavior is thus at last frame{ in accordance with the natural
conditions of learning, and the successful teacher is deemed to be one
whose behavior institutes classroom circumstances in conformity with
these conditions.

Two othar notable examples of attempts to impose a pattern upon
teaching behavior are from the field of philosophy. These two patterns
came also from the Darwinian orientation. The first is found in the
works of Dewey {(1910) about the beginning of this century. Dewey had
come to the view that man's intellectual activities were a response to
some sort of ferplexing situation. Man coped with a situation by analy-
zing it and formulating a plan for dealing with it. Dewey called this
plan hypothesis. After its formulation the plan would be tried outr, First
in imaginative rehearsal and after that by action. If the consaquences of
the plan tyrned out to be a satisfactory resolution of the situation, the
problem was deemed to have been solved.

The parallel between Thorndike and Dewey's thought is Ffairly evident,
Enstead of the situatien inducing a state of readiness, as in the case
of hunger, Dewey substiruted the notion of a perplexing situation in
which a felt need emerges. For the notion of trial and error, Dewey sub-
stituted the idea of a hypothesis or plan of action tested in preli-
minary Eashion by mental rehearsal of consequences rather than by overt
trials. If the hypothesis survived the rehearsal, it could then be tested
in action. Like Thorndike, Dewey's general notion was that of continuity
in nature. He held thart lower forms of life, even one-celled forms of
existence, reflected in their behavior the pattern of inquiry in man him-
gelf.

Witness here again the view of man as adaptable. But in Dewey's view,
man adapts himself through the yse of intelligence rather than through
sheer trial and error.

in his Democracy and Education Dewey {1916) elaborated his theory of
how man thinks inte a pedagogical method often referred to as the inquiry
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method of teaching. It remained for Kilpatrick (1925), a few years
later, to formulate Dewey's notions into a generalized method which

he called the broader method, more popularly known as the project method.
This method of teaching consisted of four elements: purposing, planning,
executing, evaluating. In Rilpatrick's view, pupils are in a situation
that induces purposing. Once they have decided upon their purposes,

they plan, that is, they decide how these purposes can be realized.

When their plans have been formulated, they then carry them out. At

the end-of thefir work they turn around and lock at what they have done
and evaluate it.

Tt is easy to see from this general pattern of pupil activity that
the work of the teacher congists more in helping pupils purpose, plan,
execute, and evaluzte their work than in imparting information to them.
To be sure, the teacher is to be helpful and te supply information at
points where pupills ask for it, or where the teacher thinks 1t desirable.
But giving information is to be handled stringently lest the pupils lose
their momentum as autonomous learners.

It ig important to note that the idea of a situational base for
learning, found in Thorndike, Dewey, and Kilpatrick, and only te a lesser
extent in Skinner’s work, has oot only permeated our common sense but has

~also led to a theory of learning outcomes {Kilpatrick, 1925}. In a
situgtion there are many stimuli. Among them are primary stimuli which
induce behavior resulting in outcomes identified with the knowledge being
studied. There are many other stimuli in the situation that evoke
behavior unrelared to the main or primary outcomes of study. This
behavior leads to attitudes or affective learnings.

Kilpatrick (1925) made a great deal of this point. It became the
bagis of his concept of conecmlitant learuings. These learnings are
those which occur along with primary learnings or the cognitive outcomes
assoclated with the discipline under study. For example, at the time
that a pupil 1s acguiring the learnings of history or science, he is
algo learning to like or to dislike the teacher, to like or dislike the
subject, to like or dislike school. and so on. These concomitant learn-
ings have been rediscovered and referred to nowadays as unplanned out-
comes. They are central features of Kilpatrick's conception of the
broader method of teaching set forth fifty years ago.

A gecond notable example is the Morrisonian (1926) theory of teaching.
Horrison, teo, worked in the shadow of Darwln. To him learning was also
a way of adjusting to the world. The knowledge that man has accumulated
and the moral notions he uses to gulde his conduct are forms of adaptation
which have enagbled man to survive in the world as it is. As Morrlson
(1934) put it:
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S5¢ long as education is necessarily a matter of adjustment
by process of adaptation and so long as the object of
adjustment is a world which 1s common to all mankind, it
foliows that it must be possible to comstruct a curriculum
which is objectively valid. {(p. 49)

The objectives which constitute the curriculum ate always either attitudes
or acquired abilities. He divides attitudes into two categories: attitudes of
understanding and attitudes of appreciation. Attitudes of understanding
are to be found primarily in the sciences and attitudes of appreciation
primarily in the arts, Abilities are found in the uses of language, in
bodily activities, and so on. To attain these objectives is to acquire

a personality adaptation. Once a personality adaptation has occurred it
is never lost, In Morrison's view when the learner has mastered an
ability or an attitude of understanding or an attitude of appreciation,
he never forgets or loses it. This notion is fundamental to his

mastery Formula for teaching.

It 1s interesting to note that Morrison distinguishes between per~-
formance and learning ocutcomes and experience and learning outcomes. His
view i% that one does not learn an experience but that he learns from
experience. In short, learning is not behavior but an adaptation of
personality. This adaptation controls subsequent behavior. He simply
took the Darwinian notion of adaptation tv an environment as the basis
of survival and translated it into an adaptation of personality as the out-
come of a learning cycle.

The pattern of teaching behavior corresponding to the cycle of learn~-
ing is what he refers to as systematics teaching or his mastery formula.
The mastery formula is: pretest, teach, test, diagnose, and teach again.
Repeat to the point of mastery.

These four conceptions have dominated attempts to improve teaching
throughout this century. From time to time they have faded away only
te reappear under new names. The theory of the project method is enjoying
a recrudescence under the name of the open classrcom, and the Morrisonian
theory is ceming to the front again under the stimulation of the concept
of mastery put Eorth by Bloom.

These theories are grand strategles 1f strategy is defined as a plan
for coping with any affair. Each in its own way is a formula for coping
with the problems of teaching regardless of both content and pupils., The
appeal of these strategies 1s almost overwhelming. They embrace a consi-
derable meagsure of truth and their effecciveness with certain pupils can
hardly be doubted, but as universal strategles they are not easily defended.
Yet, they intoxicate the pedagogical mind, create doctrinal disputes, and
lead repeatedly to schisms in the teaching profession.
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Empirically Based Strategies

About 25 years ago, a few researchers became disenchanted with the
grand strategies of the masters. They began to look at teaching as a
form of behavior to be studied in its own right.

Teaching, like all the professions, has its origin in the practices
of primitive man. It is Found in man's first efforts to pass on his
knowledge and abilities to the young just as the work of the physician
is foreshadowed in the primitive medicine man's care of the afflicted.
Primitive crafts that ultimately become professions develop through the
accretion of knowledge and skill. To understand a craft is to possess
the prime conditions for its development. Exploration of the phencomenon
of teaching {s now in its early stages. This late start 1s attributable
partly to the fact that all along we assumed that if we understood the
phenomenon of learning, we would thereby know how to teach; and partly to
the fact that we were taken captive by the belief that teaching could be
derived from the philesophic and psycholegical disciplines. As a result,
the study of teaching in its own right receiv:d but little attention prior
to the 1350°'s.

About this time teaching began to be perceived as a form of social
behavior having 1ts own forms, irregularities, and problems. In addition,
teaching takes place under relatively constant conditions, namely, time
limits, authority figure, student abiliry, institutional structures, and
social expectatlions. Given these perceptions, naturally the development
of a rational plan for the improvement of teaching would begin with an
understanding of teaching behavior itself.

It is also evident that to apply any theory oné must understand the.
phenomenon to which it is to be applied. It iz just as necessary for one
t¢ understand what teaching is as it i1s for him to understand the concepts
and prilnciples which he applies to improve it. The turn about in effores
to improve teaching behavior is due in part to the belief that one must
first understand the dimensions of such behavior before he can think
realistically shout 1ts control through the application of principles.

During the last three decades, scores of studies have been pade in
an attempt to determine the dimensions of teaching and in a few cases to
relate these dimensions to pupll schievement. These studies fall roughly
into two categories: those which use a checklist or rating scale and those
which rely upon recording instruments for data.

There are two notable cases among these who used inventories and
also related dimensions of teaching to achievement ofF pupils. Ryans
(1960) in his study correlated categories of teaching behdavier to pupil
achievement. He found that those teachers who were systematic and
businesslike were more successful in inducing achievement than teachers
who were unsystematic and rambling. The second example is the Flander’s
{1970} study. This research shows that teachers who make use of pupil
ideas and who accept the pupil's feelings and encourage them have higher
achievement among their pupils than teachers who are more directive.
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These studies tell us the good and bad practices that occur aormally
in classtoom situations. This information enables us to emphasize the
effective practices and to eliminate those less successful. These studies
thus enable us to refine cenventional teaching behavier by eliminating
ineffectual aspects cof it. They do not impose upen teaching behavior a
new pattern, but instead these studies maintain the old pattern and refine
it to make it more conducive to pupil achievement.

There have been a number of attempta, some of them guccessful, to
show the relationship between the dimensions of teaching, determined by
analysis of tape recordings, and the achievement of pupils. However, the
emphasis has been upon describing teaching behavior as such rather than to
define it intoc more effective patterns of behavior.

Both approaches co the study of teaching have revealed a number of
variables related in more or less degree. to student achievement. Among
these variables are clarity, variability of activities and levels of
learning, task-criented cor business-like behavior, uses of student ideas
and general indirectness of teacher behavior, usesg of structuring comments
and types of questions {Rosenshine & Furst, 1971). These are modest :
achievements, but they indicate that this appreach to the improvement of
instruztion is viable and Bive ample justification for centinuing it with

_hope and enthusiasm.

Some of these studies (e.g., Flanders, 1970; Ryans, 1960} retain one
feature of the grand strategies. They assume, as do the grand strategies,
that all of the different kinds of learnings are to be taught by the same
strategy; that 1s to say, strategies which apply to the teachipg of con-
cepts apply also to the teaching of rules, cause-effect relationship,
appreciations, morals, and psychomoter skills as well as te all disciplines.

My own studies have led me to the view that teaching behavior varies
with the discipline and the nature of the learning product. However, like
Thorndike and others, we began with the notion that patterns of behavior
could be imposed upon teaching. This is manifested in our early belief
that certain logical cperations could be imposed upon teaching behavior;
that 1f ehis were done the critical thinking of pupils would be enhanced.
Professor Henderson (1953} and I, being of the same persuasion, collaborated
with some high schoel teachers in a project to determine whether or not
critical thinking cculd be improved by teaching the logic of the discip-
lines aleong with their content.

we were asking teachers to perform did not fit into their patterns of
behavier. Yet from cursory classroom observations, it seemed to be evident
that scme logical operations were in the teachers® performance. They

did define terms, explain events, and describe phenomena.

This apparent congrulty between teécher performance and the opera-
tions we were attempting to impose upon teaching led me to undertake a
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sequel to the critical-thinking study. Our first task was to tape
. record the discourse of teachets and pupils and to analyze it into
categoties of logic.

We found that teachets did in fact perform a number of logical
operations with theit pupils. They defined, designated, classified,
compared and contrasted, explained, evaluated, opined and inferred
conditionally (Smith &Meux, 1970). They did these very loosely and
imperfectly, rypically engaging in only a part of an operation. But
even mote important, these operations were not performed as ends in
themselves but as elements in a larger pattern of behavior. This fact
seemed to account partly for their incompleteness and the resistance
of teachers to the performance of logical operations as they taught their
disciplines.

We then conducted a further analysis of the classtoom discourse
to identify the maneuvers within which logical operations are embedded
(Smith, Meuxs Coombs, :luthall, & Ptecians, 1967). After crying a number of
approaches, we finally broke the discourse into units called ventures.
We uged as a criterion of a venture that the discourse leads to a mean-
ingful object, that it have import. We thus classified the ventures in
accordance with the meaningful objects embedded in them. This proce-
dure resulted in a number of different types of ventures: concept
ventures, appreciation ventures, cause-effect ventures, reason ventures,
value ventures, ruyles ventures, procedural ventures, and particuylar
or factuwal ventutes. These varied in length from a few lines to several
pages. Professot Henderson has referred to the objects embedded in
theae ventuyres as 'teachable objects," and we shall use that term here.

In the course of teaching these objects, teachers and pupils ver-
bally manipulate the content of instruction. We called these '"manipu-
lations moves." Consider an example from a causal venture. There are
three classes of moves: those which dascribe causes, those that describe
effects, and those which relate the twe. An example that relates cause
te effect is taken from a social studies class, It is a chaining move,
Such a move links a cause to an effect by describing conditions leading
to the effect, The following move links the discovery of gold in Alaska
'te increased Prosperity in the United Stefas:

Pupil: The value of the gold means that the prices of corn
and wheat go up.

Teacher: ALl right. The fall in the values there affected
prices so the farmer profits.

The fall in the value of gold is noted as a consequence of the discovery
of gold (the cause). This consequence, in turn, is noted as causing

an increase in the price of farm ptoducts, This price increase is part
of what is meant by prosperity. In this move there is a complete chain,
though poorly described.

Q
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We identified the moves involved In each type of venture. The
character of the moves varfes with the kind of venture. The moves in
a causal venture are quite different from those in a comcept venture
or in an appreciation venture. When a number of ventures of the same
type are analyzed acrods disciplines. it turns out that each type
has more than one pattern of moves depending upeon the discipline. Thesge
patterns constitute the large maneuwvers which we refer to as strategy,
and the moves they contain represent elements of logical operations.
In our view, therefore, one does not speak of a strategy of teaching in
general but of Strategies appropriate to each teachable object in each
discipline.

Empirical studies of teaching have led us to conclude that there
are two types of strategies. One type is content bound. The strategy
for teaching concepts, for example, is not the same as the strategy
for teaching cause-affect relationships or rules or for that matter any
other of the teachable objects. The strategy varies also with the dis-
cipline. The second type of strategy is comtent free. Flanders’ {1970) accep-
tance behavior is an example of this type. Put Iin general terms, it i3
a strategy of ingratiating and involving the student by accepting his
feelings and using his responses in a constructive and acceptable manner.
This kind of strategy, being content free, is compatible with the grand
strategies of the masters. General strategies, such as that of Flanders,
are for interacting with pupils. The content bound strategies are for
interacting with the content of instruction. Both strategies are essen—
tial in che teaching process. We hypothesize that an improvement in the
performance of either one will influence the outcome Of classroom activi-
tias.

Summary

What have we learned Erom the last 25 years of research on teaching,
and what difficult matters have not heen teouched upon? We summarize
these as follows:

1. We are beginning te sec how the performance of the teacher
is dependent upon the form of knowledge and the discipline he
teaches. Some authorities have insisted from time to time that
methods of instruction should be related to the content of instruc-
tion. This relationship was explored briefly by Thorndike and others
during the first guarter of the century, but only now are we beginning
Lo geg that laws. concepts, and procedures, for example, are taught
in qQuite different ways. Recent regearch bhas alsc emphasized the
cognitive difference among disciplines. For example, empirical
gciences contain laws, concepts, apnd procedures as forms of knowledge.
Mathematlcs contnins no lawsi histery has law-]ike statements but
no laws and no precedures.
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2. We are beginning tc recognize that our older concepticns
of method did wnot include cie distinction between the interaccion
of the teacher with the content and his interaction with pupils.
This distinction poses quescions of major import. For example,
how can rigovous handling of concepts, principles. procedures,
and the like be maintained without turning off the pupils?

Can it be done by improving the Lngratiating techniques while
more and more rigor i$ built into content strategies? Or can

rigor and depth of insight resulting thérefirom induce their own
motivacion?

3. Resgearch has alveady uncovered certain variables--some
related to content, e.g., clarity, and some related to the pupil,
e.g., acceptance of pupil responses-which are related to achieve-
ment. These strengthen expectations that Further progress is
likely.

4. Teaching bshavior has been analyzed inte wany kinds,
most of which can be reduced to a few basic categories. This
opens up the possibility for Evultful research in both the
cognitive and affecrtive aspects of teaching behavior.

Nevertheless, it must be noted that two basic aspects of teaching continue
to be ignored by all of these studies: the diagnostic-remedial and the
preventative dimensions of teaching behavior. No matter how well the
various moves are performed and the strategies executed, nc matter how
skiliful the teacher is in the techniques of inpratiation, some pupils
will not learn. Except in reading and arithmetic, we have yet to study
how teachers detect the learning difficulties of pupils and by what
moves they attempt to cope with these problems. It seems reasonable to
suppose that expericnced teachers of science, social studies, literature,
and so on, have learned or recognize some of the difficulties their
pupils have in learning, and they have found a2 number of moves that help
pupils overcome them. Information about what teachers already know and
do would likely open up a number of fruitful lines of research.

Moreover, we Know that some experienced teachers already know how
to prevent certain difficulties in learning and in classroom counduct.
But our kaoyledpe of this aspect of teaching is meager. Some research
in preventive pedagogy has been conducted, notably the studies of Kounin
11970} in classroom discipline and management. Me has shown from analysis
of classroom behavior that teachers who behave in certain ways, e.g.,
make smooth transitions from one activity ro another, have fewer instances
of disruptive behavior than teachers who do not do so. Work on preventa-
tive pedagopy is in its infancy, and further research could be fruitfel.

11
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Toward the Development of

Pedagogical Theory in Macthemacics

Kenneth B. Henderson
Professor Emeritus

University of Illimois-~Urbana-Champaign

This paper is based on two assumptions that I would like to make
explicic at the outset. One is thar it is possible to develop pedagogi-
cal thecery in mathematics. I state this explicitly, for there are some
individuals concerned with mathematics education who seem to doubt that
this is possible. They appear to believe that teaching is a skill which,
though complex, is learned by performing the act. The model is the
apprenticeshlp one. The teacher-trainee gerves as an apprentice to a
master teacher who demonstrates effective teaching and serves as a model.
When the teacher~trainee teaches, he is observed by the master teacher
who offers suggestions for improvement. But, there is no structure to
the supgestions, no theorerical basis, and only a meager rationale.

Only a few years ago at a conference on research in mathematics
education Robert Davis (196)a) expressed doubts about the possibility
of developing pedagogical theory in mathematics. To Davis, teaching is
a skill or an art nor amenable o description, analysis, and generaliza-
tion.

It is well known that many members of departwents of mathematics
not only doubt that there is pedagogical theory in mathematics, but also
doubt that it is possiblie to develop such theory. 1In contradiction to
this theoretical posicion, I prefer to hypothesize that it is possible to
develop this kind of rheory.

A second assumption is that efforts to the end of developing such
theory are worthwhile and deserve to be encouraged. To justify this
assumption, I turn to the contributions of a theory-—any theory--that
disposes individuals interested in development of theory to devote their
intellect, time, and efforcs to this end.

Contributions of a Theory

The most gbvious and dramatic contribution of a theory is thar Lt
enables those who understand it to adjust their behavior so as to obtain,
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in so far as possible, what they want. Sound pedagogical theory enables
a teacher to predicrt what will occur under certain given conditions. The
reacher then has some control over the situation; he does not have o
operate only on trial and error. Theory is particularly useful when a
teacher faces a problem he has not faced before, and his old behaviot
patterns cannct cope wirh it.

I am reminded of a story by Wiliiam Everitt, Eormer dean of the
College of Engineering of the University of Tllincis. Dean Everite said
that an enginser is an individual who can tell before a truck crosses
a bridge whether the bridge will collapse. After the truck has crossed,
any damn fool can tell. Because of his knowledge of theory, the engineer
can predict with confidence. Then he can advise the truck driver whether
to cross the bridge and the road commissioners what weight restrictions
Lo set.

A second contribution of a theory is its explanatory power. A charac-
teristic of man is his intellectual curiosity; once aware of certain states
of affairs, he wants to know why they are as they are. Why can individvals
who do net understand a particular algorithm, e.g., the long divisicn al-
gorithm, still employ it and get correct answers? (They comprehend it
in the sense that they know what to do but do not understand why it "works.")
An explanation of this phenomenon would consist of supplying facts and/or
generalizations derlved from psychological theory from which the phenom—
enon can be inferred; in other words, to subsume the phenomenon under one
or more generalizations in psycholopgical theory. Once this is done, we
feel we understand: we know why individuals who do not understand a parti-
cular algorithm can still use it and get correct answers.

taw every theory, sound or unscund, enables explanation., What dis-
tinguishes sound from unsound explanation of phenomena is that the reasous
proffered are known to pe true, are not ad hoc, i.e., they explain pheno-
mena other than the one being considered and are uot tautologies. Sound
theory promotes confidence in one's ability to cope with situwations he
experiences,

& third contribution of a theory Is its use in generating research-
able hypotheses. We know that some mathematics teachers who, on sccasions
tecach by inductive discovety [ind that some students do nor make the dis-~
covery at all and others verbalize one for which there are counterexamples.
Why do such students not arrive at the correct conclusion which usuzlly is
a generalizarion? Perhaps because the teachers in choosing instances do
not sample adequately from the domain over which the generalization to be
discovered holds. Perhaps because they do not sequence the instances so
as to facilitate the abstraction of the pattern. These are hypothetical
cxplanations, i.e., they conflict with no principles in the theory, but
we do not knew whether they are true. We now hypothesize that if the
teachers were taught to sample adequately and how to sequence instances to
make the apprehension of 2 pattern-~similaricties amidst differences--

44

O

RIC

Aruitoxt provided by Eic:




-37-

easy, and are given the rationale for doing these things, fewer students
would experience the difficulries identified. This hypothesis is amenable
to testing by experimentation. Whatever the outcome. we have a proposi-
tion to add to pedagogical theory. A good theory enhances its own advance-
ment .

You will note rhat I have chosen to defend a theory on utilitarian
grounds. I did this because in our society such an atgument is persuvasive.
But I would not care to maintain that the ucilitarian aspect of a theory
is the only ground fot azccepting it. To some, a contribution of a theory
is the organization it provides of the knowledge of the field over which
the theory holds. People who value order, the portrayal of relationships,
and deductive power as ends in themselves find satisfaction in the study
of theory and in its development.

You may remember that [ began with an identification of rwo assump-
tions on which this paper is based. 1 now state what I believe to be a
fact. 1t is that there now exists pedagogical theory pertaining to mathe-
matics, Let us turn to how this thecry has been developed in the past and
then to an analysis of the theory.

Approaches to the Development

of Pedagogical Theory

One approach rto the development of pedagogical theory has been for
various teachers to reflect on their own experience and extract from it
suggestions for how to do something. Thus, in mathematics education we
see articles in professional journals and sections in texthooks on methods
on how to teach that the product of two negative numbers is a positive
number. how to show that the empty set is a subser of every set, how to
teach students to prove theorems in geometry, how to teach the solurion
of equations,; and how to teach students to solve worded problems, among
other "how-to=-do-its."

The suggestions distilled from experience can be at a higher order

of generality, that 1is, they hold over a more extensive domain. Tot
example, censider the following:

1. Make wyour assignments definite and clear.

2. Provide motivation.

3. Distribute your questions ameng the students in your class.
4, When teaching by guided discovery, make the students test

their conjectures; don't provide them extraneous cues by wvoice,
gestures, or facial expressions.
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Usually, a rationale for the prescriptions can be given. This may be a
deductive atgument based on propositions believad to be true, or it may
be by supplying evidence that following the prescriptions will attain
some desirable end.

I do not contend that this approach has no merit. 1t is the case
that mathematics teachers value how-to-do~it atticles and speeches. These
are practical and not couched in language teplete with fuzzy pedagogical
concepts. Yet I do not see this approach leading to substantial theory
in mathematics education. OCeneralizing from personal experience leads to
propositions that are idiosyncratic rather than nomothetic. The set of
prescriptions emanating from this appreoach are unsystematic and lack
structure. The prescriptions have restricted generality and hence
restricted explanatory power. Moreover, they generally are not productive
of researchable hypotheses which advance the theory. The approach tends
not to be discriminating because it usually is not based on much analysis.

A second approach to the development of pedagogical theory is tegatded
as more scientific and valid. Tr presumes that there are implications fot
teaching from more basic theories, e.g., learning theory, social psychology,

" socieclogy, logic, or communication theory. For example, from learning
thecry, we presume that we should be able to deduce presctiptions directing
how we should teach.

There are, ot should be, misgivings associated with inferring peda-
gogical principles from more basic theories, e.g., learning theory. One
misgiving stems from the evidence on which the principles are gtounded.
Typically, principles of learning are asserted whose variables seem to be
universally quantified--all learners, all learnable cbjects, all situations.
When one assesses the experimental eyidence purporting to substantiate
these propositions, he is beset with the Ffeeling that such extrapolation
is not warranted. Much of what we know about learning has come ftom the
laboratory rathar than from the classroom. Many of the propositions in
learning theories are best suppotted by evidence on how nonhuman animals
learn, e.g., rats, cats, dogs, and monkeys. These cannot be influenced
by language as humans can. yet language is the chief tescurce of the
mathematics teacher. When 1 read some of the unrestricted prescriptions
about how to teach that are ptesumably based on leatning theory, 1 think
of the statement by the old cracker-barrel philosophet, Josh Billings,
"It's better to know nothing thar to know what ain't so."

The second misgiving rests on pragmatic grounds. 1t may well be that
this approach enables us to explain some pedagogical phenomena, and this
is better than nothing. But it is not distinguished by its ability to
vield confirmed predictions, and this is what the ptactitioner expects of
a theory. A teacher frustrated by the disparity between what educational
psychology is alleged to be able to do and what, in fact, it can do,
characterized an educaticnal psychologist as a person who, given the facts
in a pedagogical context, can predict what will happen, and then when
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his predictions do not eventuate can explain why they did not.
Even some educational psycholegists have misgivings. Bugelski (1964)

in his book, The Psychology of Learning and Educational Practice, says
the following:

The educatrional enterprise is & vasc and complex cne,
involving as it does the training of geople from
kindergarten through graduate and professional schools
in a wide variety of skills and knowledge. To apply the
psychology ¢f learning in its present state to such a
tremendeus field of activity should give even the
boldest psychologist some pause. {p. l4}

Ernest Hilgard (cited in Bugelski, 1964) says "There are no laws of learning
that can be taught wich confidence" (p. 14). Kenneth Spence (cited in
Bugelski, 1964), also a psychologist, echoes Bugelski's doubts.

Mo definite answer, of course, can be given ar the present
time, for 45 yet none of them fi.e., learning theories)

is sufficiently abstract or cowplete to account even for
all the laboratory findings. (p. 15)

There are evidently grounds for Bugelski's assertion, "The teacher might

well be wary of anyone who suggests some change on the basis of his
knowiedge of learning psychology” (p. 15).

An Alternative Approach

Instead of attempting to derive pedagogical theory from learning
theory, ore might study teaching as a phenomenon per se, The obsarvations
and records. e.g., audio- and videotapes, can ba analyzed elther in terms
of the kind of students or the kind of subject matter taught or the inter-
action of these. Pedagogical models ¢an be developed that describe how
the teacher teaches. These then can be tested experimentally to see how
well they explain and predict. Under rhis approach, pedagogy would emanci-
pate irself from psychelogy. Incidentally. it was this very approach that
enabled psycholopgy to emancipate itself from philosophy.

Observations are always screened through a network of concepts and
values. If mathematics teachers are observed--desirably in a classroom
gituntion sinte most mathematics is taught 1n this manner--without certain
concepts and values to Bulde the observations, the observer does nor cake
certain things into account. Supplying fruitful concepts is a concribution
of basic theories such as those mentioned above. The records of the
observations can be analyzed in terms of kinds of gtudents or kinds of
teachable cbjects, e.g., concepts, facts, principles, skills, and values,
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or the interaction of these. Drawing on whatever basic theory seems
relevant and fruitful, pedagogical models can be developed that describe

how the mathematics teachers teach the various teachable objects. These,
then, can be tested experimentally to see how well they explain why teachers
teach as they do and predict how well students learn.

As some of you may know, this is the approach 1 and some of my graduate
students have used. I have taken the position that the set of teachable
objects, e.g., knowledge and beliefs, is not identical to the set of
learnable objects. MNor is either a subset of the other. There are some
items of knowledge that <an be taught to but not learned by a particular
group of students. And there are some objects that are learned but not
taught, e.g., mathematical incuition and vajues that we characterize as
being caught racher than taught. Basic to this point of wview is the belief
that it is pot fruitful Ffor either ¢lear thinking or research to define
teaching in terms of learning.

Which basic rheories ghould be used to analyze the cbservacions? The
answer to this question depends partly on what the theoretician thinks is
important and fruitful, and what he is willing to sacrifice. As I conti-
nue the analysis, you will be able to tell which theories I consider
fruitful and which appear to get short-changed.

T doubt that it jg profitable in the existing state of our theory
toc consider teaching in the abstract. The tendency to do so results in
unrestricted peneralizations or prescripticens. Practioners become aware
of so many counterexamples they lose confidence in the theory. 1 believe
that at present we should take as our object of a study a teacher teaching
gome kind of teachable cbject to one or more persons. For eXample, the
mathematics teacher teaching varicus kinds of knowledge and beliefs aboutr
mathematics to his students. To me, this makes theory of knowledge
relevant. There are different kinds of knowledge and different kinds
of beliefs. There is inowledge that such is the case, and there is
knowledge of how to do something. Although these are related, they are
distince. HMeither is a gufficient condition for the other. Of knowledge
of what is ¢he case, some of 1t is empirical and some is analytic. 1In
elementary school and junior high schools mathematics is taught as
though it is empirical, As the student matures mathematically, hopefully
it is taught as it really is, i.e,, analytic knowledge.

We have different rules for assigning the truch-value "true” to these
two different kinds of knowledge. Within each of these kinds of knowledge,
there are concepts, singular statements, generalizations, and prescrip-
tions. T would argue that the logic of each of chese subsets is discine-
tive. And the discinctlive logic has implications for teaching provided
the teacher seeks to show the students how we know or accept the ‘rarious
items of knowledge.
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Knowledge of how to do somecthing can be classified in terms of
whether it is based on empirical generalizations or an analytic generali-
zations. How to use a micrometer is based on empirical knowledge of the
relation between one turn of the thimble and the resulting change in the
graduations exposed on the barrel, what happens if the spindle is not
tightened enough or tightened too wuch, and of the function of the ratchet.
It is alsc based on knowledge of which cbjects are amenable to being
measured by the micrometer and which are net. ¥nowing how to factor a
pelynomial over Some set, e.p., the integers, is based on analytic
knowledge, viz., the distributive principle of multiplication over addition.

There are different kinds of beliefs, e.g., about what mathematical
knowledge and proficiency are necessary for certain jobs, about what ought
to be done in solving a problem, about what is loportant in mathematics,
and abovt the nature of mathematics. Like items of mathematical knowledge,
beliefs about mathematics are teachable objects.

One can hypothesize that the kind of teachable object should make a
difference in teaching just as cthe kind of behavier of the student should.
For example, definitions have an arbitrariness associated with them that
1s not associated with genevalizations. Saying that 2 definition is true
or saying chat it is false is not the same as making analogous statements
about a factual statement. Surely a mathematics teacher shcould draw a
distinction between a factual statement and a value judgment and hence
teach them differencly.

Since mpch of the teaching of mathematics is via language, semantics
seems relevant and productive of ansights. Logic seems relevant because
usualiy the mathemarics teacher appeals to the rarional aspect of the
student's personality. Logical connectors like because, therefore, if-then,
and, or, and their cognates abound in classroom dialogues.

Moves and Strategies

In our analyses of classroom dialogues, we find teachers and students
using language toc define, descrlbe, compare, contrast, instantiate, chatvac-
terize, identify, assert, generalize, imply, infer, justify, direct, exhort,
classify, exemplify, and others. {Someone who is familiar with John Austin's
semantics will recognize these as illocutionary acts which also have per-
locutionacy potential.) We have made use of the concepts of a move and
a strategy. A move Is a bit of discourse in which language is used in a
certain way such as those listed above. A strategy is a sequence of moves.

Our approach has been to audiotape classroom teaching and then analyze
the transcriptions utilizing the theories mentioned above to identify the
teaching of various objects, e.g., concepts, principles, and skills. Then
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each of these kinds of teaching is furcher amalyzed in an attempt to
identify moves {bits of monologue or dialogue) and strategies (Sequences

of the moves) which are evident. This part of the research is naturalistic,
conceptual, and descriptive. But it is basic to subSequent experimentation
leading te principles of teaching.

I ghall not say much at this time about the moves and strategies in
teaching a concept. 1T have written about this in a chapter in the

~Thirty-third Yearbook of the National Council of Teachers of Mathematics

(Henderson, 1970}, and, more recently, in 2 textbook on methods of teaching
secondary school mathematics (Cooney, Davis, & Henderson, 1975%). In

both of these 1T offered a classiflcation of moves, a simpler classification
in the methods bogk than in the chapter in the Yearbook. 1In both 1 proposed
a classification of concepts since it appears that the kind of concept
taught, to some extent, determines the moves that can be used. For example,
there are some concepts for which some moves are logically impossible. 1t
is logically impossible to teach a nondenctative concept-=by nondenotative
concept I mean one like even number greater than twe or the greatest upper
bound of the integers--by giving examples. It is logieally impossible to
give a definicion of any undefined term in mathematies. And, one cannot
give a counterexample unless a false generalization has been asserted.

In the methods textbook there are chapters on the teaching of prin-
ciples in which a classification of principles 15 offered and moves and
strategies identified. I[n passing, T might mention that by using the
concept of move and strategy it is possible to sharpen the diatinctionm
between expository teaching and guided discovery. and between deductive
guided discovery and inductive guided discovery.

Once moves and strategies have been identified, it now becomes
possible to ascertain under what conditions various stratepies are corre-
lated with learning on the part of students. One can hypothesize that
certain strategies will be effective for slow learners. 1If one wants to
conceive of levels of learning like those in the Taxonomy of Educational
Objectives by Bloom (1956), bhe can hypothesize that certain strategies
will correlate with certain levels of learning. 1 would venture a guess
that For certain kinds of concepts, €.pg.. precise vs, vague, complex vs.
simple, abstract vs. concrete, disjunctive vs. conjunctive, certain
strotepgies will be more ef fective than others. An analogous conjeckure
can be wade about kinds of principles, e.g., complex vs. simple, prescrip-
tions vs. generaliznzions. One can also conjecture that among all the
strategies some will prove more efficient tham others, that is, some will
produce the same level of comprehension in fewer moves. For example, I
doubt that inductive guided discovery is an efficient strategy for teaching
a complex principle, e.g.., a generalization ceonditional in 2 form in which
several conditions are conjoined in the hypothesis. Hence, the approach
of observing teachers teaching cercain teachable objects to certain groups
of students, analyzing the teaching. and developing models is productive
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of resezrchable hypotheses that are capable of empirical verification.
Dossey (1972), Malo (1974), Rector (1966), Retzer (1967), Rollins {1966},
and pthers have tested some of these.

I would feel more comfertable defending the approach to developing
pedagogical theory in mathematics that I have just been talking about
"than the particular models that some of us have determined by using this
approach. Any time one uses anmalysis, of necessity, he Focuses on certain
factors and chooses to neglect others. It may well be that other theore-
cicians whe would make use of the approach 1 have suggested would come up
with models that are more fruitful than these we have determined. Be that
as it may, it is apparent that the specific pedagogical models I have
described have been developed independently of learning. To anyone who
understands theory constructiom, it is obvious that ehere cannot be an
analytic connectlon, viz., by definition, between teaching and learning.
It must be a contingent conmececion, e.g., if a teacher makes such and
such moves, there is or is not, as a macter of fact, a correlation with
learning on the part of the students he is teaching. The models we have
devaloped enable such a contingent connection.

Passible Additional Research

So far, our research has concentrated om ventures in which just one
concept, principle, or skill has been taught. Yet we know that im
actual classroom sltuations usually a sequence of items of knowledge
or belief jis taught. The teaching of a concepr may be embedded in the
teaching of a principle; or a principle may be caught.gnce a concept
whose grasp is necessary for comprehension of the principFe has been
taught; or the teaching of a primciple may be embedded in the teaching
of a skill.

Pavelka (1974}, using the approach I have described, identified what
she denoted as modes of teaching two or more concepts. One was the
consecutive mode. Suppose two concepts A and B are taught in a temporal
sequence. In the consecurive mode, the last move in teaching A precedes
the first move in teaching 8. We recognize this mode as prevalent in
textbooks where there 1s no feedback from the learner to the teacher and
no diagnosis by the teacher is made. Pavelka found that this was the
mode most frequently used by machemacics teachers.

A gecond mode 19 embedive. In this mode the flrst move in teaching
cotcept B follows the first move in teaching concept A and the last move
in teaching B precedes the last move in teaching A, In other words, all
the moves in teaching B are between the first and last movas of teaching
A,

A third mode is overlapping. In this mode the first move in teaching
A precedes the first move in teaching B and the last move in teaching A
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precedes the last move in teaching B. For example, the teaching of a
concept of a mixed number may overlap the teaching of a concept of an
improper Fraction, and both of these may overlap the teaching of a con-
cept of a proper fraction.

What modes would be found when more than two concepts are taught
in cne class period? Ts there a high correlation between the diagnostie
ability of a mathematics teacher and the use of the embedive and over-
lapping modes? Do the same modes appear when a sequence of prineiples
is taught? What modes would be found in a sequence invelving both con-
cePts and principles? All these questions seem interesting te me.

So far we have net studied the teaching of values in mathematics.
I postponed this because it seemed easier to study the teaching of con-~
cepts, principles, and skills. Could the concepts of moves and strategies
be used to analyzc the teaching of values? 1f so, what moves wonld be
found? 1 can speculate, but 1 do not know.

Finaltly, 1 have been interested In how students learn concepts with-~
out being taught them. Therc are many concepts in this category. Suppose
students have been taught z concept of equilateral Figures and a concept
of a triangle. Thereaftcr, the teacher would procbably use the term
equilateral triangle without deliberately teaching the concept. How do
students acquire this lacrer concept? T c¢an advance an explanation based
on logic. bBut [ do nou know wheLher Lhis is the way the studuent's mind
gperates. Or suppose students have becn taught a cancept of an equila-
teral triangle. The teacher might subsequently use the term equilateral
guadrilateral without taking time to teach this concept. 1i the studcots
acquire the latter concept simply by hearing the term used, what is their
reasoning process? Again, I can offer a hypothetical explanation, but I do
not know whether it is true of any student or of many students. Perhaps
Lf we were able to answer questions like these, we would be better able
to tell under what conditions a mathematics teacher can safely use a
term without taking time to teach the concept it designates.

Elements in a Pedapogical Theory

Repardless of what approach is used to develop pedagogical theory, I
would expect to find certain elements in the theory. Earlier, I sugpested
that a theory Ls a network of conceprs and statements which are either
knowledge or bheliefs, In an empirical theory, I would expect some of the
concepts to be of sensed objeers. Thus, in pedagegical theory we have
concepts of students, teachers. classroom dialopue, overhead projectors,
and colored chalk, among many others because we sense each of these
entities.

Orher concepts are inferred entitics--theorctical constructs. We do
not sense these. We fnvent rather than sense guch ¢oncepts as motive,
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aptitude, interest, proficiency, appreciation, understanding, concept,
principle, skill, attirude, and many others because they aid us in
explanation and in identifying researchable hypotheses. We explicate

such concepts, if we ever do explicate thew, in rerms ¢f sensed concepts
and facts. I cite the current incerest in behavioral objectives as an
attempt to explicate cectain concepts which are inferred entiries (compre-
hend, understand, appreciate) in cerms of observable entities (state,
write, draw, list, choose).

The statements in a theory, unlike the concepts, have the character-
istic of being known to be or believed to be true. Since pedagogical
theory is an empirical theory., T would expect most of the sratements
to be empirical or factuwal. Yet I would expzct to find some analytic
statements. Heres are some statements that seem to me to be analyric:

1. Given any test of computation in arithmetic, fifty percent of
the students who take the test will not score higher than che
median.

2. !f a teacher has induced a desire t¢ learn in a student, he
has motivated the studeat.

3. If an objecrive is unachievable in the time avaiiable for school~
work, the teacher will not be successful in helping students attain
it.

4., Experience shows that students will either enjoy mathematics
or not enjoy Lt. {Experience doss not show this: logic does.)

5. If what a superintendent says is not credible, it will not be
believed.

6. Relative to orher people, a person's adjustment mechanisms will
be toward other people, away from them, or against thewm.

In quoting these statements, which I found in books pertaining to teaching,
I am not ridiculing the writers. Analytic scatements are unavoidable in

a theory. They ate statements in the object language which are immediate
impiications of definitions or are instances of tavctological formulas in
logic.

What is necessary for both a theoretician and a practitioner is to
be able to tell when a sentence is used to make an empirical {(factual)
statement and when 1t is used to make an analytic statement. Let us
take some examples.

"Slow learners cannot handle abstractions as well as average learners."
[s this statement used to make a factual or an analytic statement? One
cannot Lell withour obtaining answers to one or more questions. How are
slow learners identified? TF “hey are identified by tests whose items
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test the ability to haundle abstractions, the statement is analytic. On
the other hand, if they are identified by behavior other than their ability
to handie abstracticons, the statement IS Factual.

"Good teachers motivate their students." 1s it conceivable, i.e.,
possible, that a teacher could not motivate his students and gtill be
regarded as a good teacher? If the answer i5 "yes," the statement 1is
empirical. Whether such teachers exist 28 a matter of fact is irrelevamt;
ail that matters is that it is logically possible for such teachers to
exist. [If the answer is 'no," the statement is amaiytic. Motivating
students is a loglcally necessary condition for being & good teacher.

"Students never fail; oniy teachers fail." Even though this is
declarativz in form, I doubt that it iz used to make a statement. 1t is
a slogan. MNevertheless, there are Individuals whe think that it makes
a statement. Such individuvals need to be asked to describe an experiment
which would test this statement. If they caunnot do this {and I think it is
impossible pp do so), they are using the statement as analytic. This they
have every right ro do. It is akin to "If the student hasn't leatrned, the
teacher hasn’t taught." which is one of the basic temets in their theory
of teaching. Authors who make such an assumprion should wnot taik or write
as though ir were a matter of fact. (As an aside, perbaps one of the
desirable outcomes of the throst of accountability will be for teachers to
divest themselves of these unfortumate slogans.)

Some of the confusion in educational theory stems from the unawareness
of the use of sentences which are vsed to make factual statements and which
are used to explicate the semantics of the theory. Whenm paremts, teachers,
or theoreticians disagree about a statement, the first thing to do is to
ascertaln how the Statement is being used. Once this is settled, the kind
of evidence that is relevant is determined. The search is for facts if
the statement is used to make a factual assertion; it is for definitions
or logical propositions if the statement is used to make an analytic
assertion.

I now turn to another element that is present in a thecry like ped-
agogy which is regarded as primarily practical. This element is value
judgments. In well established and objective theories, the value judgments
are implicit. Thus, nowhere in mathematical theory is the explicit judgment
that abstractness Is desirable. This goes without saying. Yet in peda-
gogical theory we find abundant use cof rating terms, e.g., good, important,
significant, desirable, werthwhile, and their antonyms, to express value
judgments. Their prevalence may be explained by the lack of agreement
on basic values in education. With lack of agreement, values need to be
made explicit, For they, ln part, determine choices of action.

I presume that 1 need not argue that value judgments have a logic
that is distinct from that of analytic and factual statements. Only
the dogmatic or ommicient fndividual would attempt to extend Tarski's
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paradigm
"Snow 1s white' is rrue if and only If gnow Is white
to
"Mathematics is good' is true if and only if mathematics is good.

The fimal alement in a theory T shall discuss appears only in a
theory which is reparded as primarily practicable. <This element is hor~
tatory statements, 1l.e., exhortations to do so and s0 or prescriptions
concerning how to do something. Examples are:

1. A teacher should meet the needs ©f his students.

2. Subject matrter thar is too difficulr [(Or the students in a
class should not be chosen,

3. Clve the students experiences in which they have to apoly
what they huved learned.

4. Make students check their answers to problems.

These exhortations are inferences [rom factual statements and values.
They are used to advise, urger or direct behavier. Hence their logic

is different from that of assertions. Rathar than being judged on
whether they are correct descriptions of the facts--Tarski's paradigm--
they are judpged either in cerms of whether they can be defended by facts
and values, or by whether following them attains some end that presum-
ably {5 accepted by both the person who utters the hortatory statement
and the person who accepts it. We might regard che generalizations in

a thevry, both analytic and empirical, and the hortateory statements as
the principles im che theory. It is these that give the theory power.

Why are there more hortatory statements In pedagogical theory rhan
in physics? It 1ls-not because pedagogy is practical and physics is
thaoretical or that pedagegy Is primarily concerned with human behavior
and physics is not. T suggest it is because the generalizations in peda-
gogical theory are less well established and the values less well
accepted. If I wish to cool my cup of coffee, there are clear implications
from established generalizations in physics which tell me what to .do.
I don't need prescriptions. But if T want to teach mathematics to certain
groups of students, e.£8., those who live in the inner c¢ity, there are no
genaralizations whose variables are quantified over well-defined domains
from which I can infer reliable prescriptions. T need to be offered
advice in hortat~ry language. As pedagogical theory attains generalizations
for which there are few, 1f any, counterexamples, the need for hortatory
language will disappear. Such generalizations will be products of cheory
construction and experimental research, The stimulation of both of these
is, T judge, the main thrust of this conference.
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F.omar

In case I lost you somewhere in this lengthy analysis, let me
sumnarize. T contended that it is both possible and desirable to
develop pedagogical theory in mathematics. It can be developed by many
teachers on their own teaching and collating the judgments, by deduction
from more basic theorles, or by systematic observation and analysis of
what goes on when teachers teach mathematics to groups of students. T
advocated the latter and pointed out theories that seem relevant to the
analysis. 1 deliberately ignored learning theory, for this discussion
is on teaching and I contend that teaching needs to be identified (defined)
independently from learning if we are to avoid an analytic connection
between the two. Analysis of the teaching of sets of pervasive objects
like concepts, principles, skills, and values will provide models which
can be tested to ascertain the conditions under which they are correlated
with learning on the part of students. Such an approach will produce a
dependable theory. This theory will be composed of concepts, sensed
or inferred; principles, empitical or analytic; and value judgments.
Those principles which are hortatory statements facilitate choices for
those who do not have much command of the other elements in the theory.
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The Role of Relacive EfficacyIS:udies in the Development
of Mathematical Concepr Teaching Strategies:
Some Findings and Some Directions
John A. Dossey

Illinois State University

The Search for a Mpdel of Concept Teaching

The Need for a Model

For saveral vears the subject matter of methods Courses for pro-
spective teachers of mathematics has been built around a core of pffi-
cacious prescriptions drawn from teachers' past eXPeriences, educational
psychology, theories of learning, and mathematics. While each of these |
areas hag something to offer the teacher, they do nog provide the mathe-
matics Instructor with a firm foundation for educational decision making
concerning the teaching process.

These sourceés do not provide a ratlonal framework for a careful
analysis of the teaching act. The field of prlor experiences is fixed
in time, and the conditions which led to a particular happening may
never eventuate again. The findings of educational psychology and the
ramifizations of theories of learning do not offer the insight which
was once expected of them; rather they focus on the learning aspect of
the classroom sifuation and not on the teaching act. Hence, they are
descriptive and not predlcetlve. They do not provide a mirrored surface
from which we can deduce theories of teaching. Other shortcomings of
the findlags in these areas and their values to the development of a
theory of teaching are discussed in a paper by Henderson {1972). The
field of mathematics does lend some guidance in that Lfs structure
provides some information concerning the ordering of concepts and
generalizations. However, i¢ does pot ald in the selection of teaching
strategies or materials for classroom Instruction.

These shortcomings have prompted several educators to call for the
development of a "theory of instructicn' or a “theory of teaching."
Gage {'963) feels that such a theory should
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attempt to explain how it is that the behavior of one
person, a teacher, can influence the behavior or learn-

ing of another person, a student. This kind of theory
would attempt to explain instances of teaching, i.e..,

of interpersonal influence resulting in learning. (p. 134)

Bruner {(1966) builds on Gage's call for a “theory of instruction' by
stating four conditions such a theory should Fulfill:

First, a trheory of instruction should specify the ways
which most effectively implant in the individual a
predisposition toward learning--learning in peneral or a
particular type of learning. .

Second, a theory of instruction must specify the ways
in which a body of knowledge should be structured so that
it ¢can be most readily prasped by the learmer.

Thirds a theory of instruction shouid specify the
most efifective sequences in which to present the materials
to be learned.

Finally, a theory of instruction should specify the
nature and pacing of rewards and punishments in the process
of learning and rteaching. {pp. 40-41}

While no such universal theory exists, several different models have
been proposed to serve as a framework for the analysis and study of
teaching. Nuthall and Snook (1973} have provided the educational
community with an overview of several of the more popular models for
teaching. Their analyses consist of a study of the origins of the models,
research stimulated by the models, ard issues generated by playing the
models off against each other.

These models have been responsible for the generation of a multi-~
tude of studies which have tested hypotheses concerned with attempts
to betrter understand the act of teaching and to develop better methods
of instruction. This paper will consider the development of the rational
model of teaching as it interacts with concept teaching inm mathematics.
The origins of the Smith-Henderson model for concept teaching will be
analyzed, the research generated by it reviewed, and 3 model for further
studies will be proposed.

Smith's Model

The rational model for the study of teaching has its origin in the
work of B. 0. Smith and his associates at the University of Illincis.
Their work on the development of a model for teaching began in the late
1950's. Smith (1956) argued that teaching is primarily a verbal activity.
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With this in mind, the first attempts in the building of rhe model for
teaching were audio-recordings of the interactions which took place in
classrooms when "teaching' supposedly was taking place. The transcripts
of the resulting dialogues were then subjected to a rigorous logical
analysis to determine the manners in which teachers use language in the
classroom.

This analysis consisted of factoring the total classroom discourse
into units known as episodes, which consisted of a series of completed
verbal exchanges between two or more speakers, and monologues, which
consisted of the words of a4 single speaker. The examination of the
various uses of language revealed that teachers use language to define,
designate, classify, explain, compare-contrast, evaluate, and offer
opinions {Smith, Maux, Coombs. Eierdam, & Szoke, 1970). This srudy was
quickly followed by a second study. Here, the emphasis was shifted from
the factoring of the total discourse into recognizable units to a study
of the sequencing of these units into strategies for dealing with
different types of subject matter material, such as concepts and princi-
ples {Smith, Meux, Coombs, Nuthall, & Precians, 1967).

Smith charvacterizes the action in the classroom as a game played
between a teacher and a class. This situation invelwes both mutual and
conflicting goals. The teacher attempts to attain his goals through his
action in the classroom, whether it is with student cooperation or
student resistance. It is here that the game theory concept of a serategy
enters. Smicth et al. (1967) stated that:

Paedagogically, strategy refers to a set of verbal actions
that serve to attailn certain results and guard against others.
From a general standpoint, strategies may serve to induce
students to engage in a verbal exchange, to insure that certain
points In the discourse will be made clear, and to reduce the
number of Lrrelevant or wrong responses as the studenes parti-
cipate in discussion and S0 on. Of course, strateglies also
enhance the possibility that the cognitive import of the
venture will be atrained; that is eo say, the objectives
such as explications of concepts, elaborations of causal
conditions, and the presentation ¢f information will be
successfully carried ocut. (pp. 49-50)

This formulation of a pedagogical strategy then served to provide
a framework for a logical development ¢f a model of classroom teaching
in rerms of teachers' verbal moves.” The toral verbal discourse of the
classroom was divided into units aligned with the teacher’s objectives.
The venture unit contains all of the material related to a single over~
arching objective. Each venture identified in the discourse was then
split into smaller divisions called moves. The moves are the various
forms in which a teacher logirally structures the Subject matter mate-
rial as he attempts to move toward his objective. Tt is the sequencing.
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or patterning, of these moves that gives rise to the concept of a
strategY which Smith refers to in the passage quoted above.

One of the classes of ventures identified in this study of class-
room teaching was that of a conceptual venture. The objective of
ventures of this type was the development of a student's ability ro tie
a set of meanings and a particular term together in such 2 way that the
student has command over usage of the term. This model of the relation
of conceptualization has been exPanded upon by Henderson (1963).

The analysis of the audiotapes of classroom verpal interactions
showed that when teachers are dealing with rhe teaching of concepts,
they are not concerned with teaching how to categorize or discover the
defining attcibutes of a particular concept, as they are often called
on ro tle in laboratory studies of toncept attzinment. Rather, Smith et
al. {1967} found thar the teachers were

concerned with the explication of the kind of information
which results in students being able to describe the concept,
identify differences between the concepts and some other
concepts and to understand the concept in learning about
more advanced subject macter. (p. 60)

These findings were also nored by Carroll {1964).

When the taped classroom interactions were viewed from this point,
Smith and his coworkers were able ts detect four main caterories of moves
used by teachers in dealing with concepts.

i. Descriptive moves. 1In these segments of verhal discourse, the
teacher gave characteristics of the concept of concern, analyzed the
concept, or classified cthe concept.

2. Comparative moves. These moves consisted mainly of attempts to
give analogles between cencepts or to differentiste between concepts.

3. Instantiation moves. The moves in this set were concerned with
providing examples, nonexamples, or the production of justification of
either examples or nonexamples of the concept in question.

4. Usage moves. The only move identified in this class was the
mové called the meta—distincrion move. The meta-distinction move is one
in which the speaker discusses the term which names the concept of
interest.

The four categories and the moves contained in each resulted in the
following taxcnomy of concept teaching moves:

62




I. Descriptive Moves

A. Characteristic move

B. Sufficient condition move

€, Classification move

D. Classificatory description move

E. Relations among characteristics move
F. Analysis move

il. Comparative Moves

A, Analogy move
B. Differentiation move
C. Instance comparison move

I1I. Instantial Moves

A, Positive instance move

B. Instance enumeration move

C. Negative instance move

D, Instance production move

E. Instance substantiation move

IV. Usage Moves
A. Meta-distinction move

After identifying the classes 0f moves and the types of moves contained
within them, Smith and his coworkers described the strategies they
found in eheir analyses of audio interactions concerned with concept
teaching. Seven patterns of concept teaching emerged, but only Ffour
were employed in over ten percent of the concept ventures studied
(Smith et al., 1967),

The most prevalent pattern was the one involving only descriptive
moves. This strategy was used in thirty percent of the ventures cited,
The second most common strategy was that of a group of descriptive
moves followed by a group of several instantial moves. This sequence
occurred in twenty-seven percent of the ventures. The third type of
sequencing patternu noted was that of a group of descriptive moves
followed by a set of comparative moves. This strategy was used. about
sixteen percent of the time In concept venture situations. The fourth
major strategy was found to be 2 combination of descriptive, compara-
tive, and instantial moves. It made up about twelve percent of the
concept ventures identified.

This same study (Smith, et al., 1967) also showed that the combi-
nation of moves used in teaching 2 concept, as well as their length
and order, varied from one subject matter area to anocther. Some exomples
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of strategies noted are shown in Figure 1. The numerals in the circles
rePresent the type of move used with respect to Smith's taxonomy. The
“D," "C," and "1," in the circles indicate whether the move was a
descriptive, comparative, or instantial move. The multiple lines indi-
cate the aumber of times the pattern of moves was observed. This analy-
s$is indicated that the logical nature of the concepts and their subject
matter affiliacions might determine both the nature of the strategy and
the types of moves contained within ic.

Chemistry Teacher Biology Teacher

Figure 1. Some examples of teacher strategies fgr concept teaching (Smith
et al., 1967).

Henderson's Model

A Study of the Strategies of Teaching (Smith et al., 1967}, combined
with Smith's earlier work, led Henderson te propose 2@ set of moves for
the teaching of concepts in mathematics {Henderson, 1967). This set of
moves was designed with respect to a3 functional taxonomy of concepts which
Henderson (1970) proposed to help in the selection of concept teaching
moves and strategies for teaching concepts. This taxonomy will be
discussed later in this paper.

Henderson noted that a term can be used in three different ways.
First, a term can be used to talk about the characteristics of the
elements in a term’s referent set. This is said to be a use of the
term's connotation. Second, a term is used in labeling objects or ideas
as being members oT nonmembers 0f the term's referent set. Here the
teacher uses the term's denotation. In both of these instances, the
teacher is talking about the concept in the object language. A third use
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of the term occurs in the metaianguage., Here the speaker uses the term
in talking about the term irself. This type of usage of the term is
gald to use its implication. It was from these three uses of a term
which names a concept that Henderson's taxonomy of concept moves was
developad. .

The following analysis gives a full explication of Henderson's
taxenomy of conceprt teaching moves, as well as their relationshiy ro
the use of the concept naming term. The First moves in the taxonomy
are the moves in the object language. These moves are divided into
the sat of characteristic moves, which deal with the connotacion of the
concept naming term, and the set of exemplification moves, which deal
with the denotation of the concept ramirg term, The second set of
concept teaching moves are the moves in the metalanguage., These moves,
called definitional moves, deal with the implicaticn of the concept
naming term.

Henderson's ser of moves used in the teaching of mathematical
concepts is briefiy stated in the following ourline: (See Henderson,
1967 for a more detailed description).

I. Moves in the object languape.

A. Based on characterization, Characterization moves are those
in which: a person talks about the characterisctlics or properties
of the objects in the referent set.

Single characteristic

Sufficient condition

Necessary condition

Classification

Identification

Analysis

Analogy

Differentiation

Comparison and/or contrast of members of the referent set

RY=J - LN B s N R g DR BN 3

B. Based on _exemplificarion. Exemplification moves are rhose in
which a person names members and nonmembers of the referent
sct. Or one person designateS an object and asks another to
determine wherher or nor the object is a member of the referent
set.

Example

Nonexample

Counterexample

Specification

Exemplification accompanied bv justiFfication

. HNonexemplification accompanied by justification

L SR B PL L I
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II. Moves in the metalanguage

A. Stipulated definition. A meaning is ascribed to a term
which is to designate a concept.

B. Reported definition. The conventional meaning of a term
designating a concept is Teported.

With Henderson's analysis of the various types of moves used in
teaching a concept., one has a model for considering the relative
efficacY of various strategies used by teachers and teaching materials
in structuring conceptual ventures in mathematics. Expanded informa-
tion on several of the above moves is available in a slightlY modified
version of Henderson's taxonomy in Dynamics of Teaching Secondary School
Mathematics {Cooney, Davis, & Henderson, 1975).

The formulation of a classToom concept teaching strategy must take
into account the logical nature of the concept, the nature and amount
of ir "ormation carried in various exemplatvs of the concept, and the
theorecical advantages one type of move mipght possess over another
type of move. The starting peint for such studies might be in the
translation of Smith's strategies into the nomenclature of Henderson's
taxonomy.

Because Hendersen's taxonomy has only two classes of moves in the
abject language, shifting from Smith's model to Henderson's model for
teaching concepts condenses the strategies mentioned- earlier into two
general types. The strategy types noted earlier are now characterized
as consisting entirely of characterization moves or as being a mixture
of characterization and exemplification moves. Lf such sequences are
given an alphabetic designation by letting a "C" denote a string of one
or more charzcterization moves and an "E" denote a string of one or more
exemplification moves, the strategies might be called C strategies, or
CE, EC, CEC, or ECE strategies.

An analysis of the common concept strategies used by teachers in
A Study of the Strategies of Teaching (Smith, et al., 1967) in terms
of Henderson's "C" and "E" moves gives sequences as shown in Figure
2. The C’ and E's in the circles indicate whether the moves are from -
the characterizatilon set or the exemplification set. The set of letters
at the end of the branches of the tree network indicate the type of
strategy represented by the path through the network terminating at
that mode.

CECE

®
c © ¢
E E) (O c

@/©
‘\\\START
Figure 2. Examples of common strategies seen over many teachers.
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Early Research Studies Concerning Concept Teaching Strategies

Ginther's Study

The next study which attempted to unravel the question of what stra=-
tegies are used in teaching mathematical concepts was conducted by
Ginther (1964). (Giunther's study iz reported in Ginther and Henderson
(1966).) CGinther made a survey of twenty-three algebra and geometry
texts to identify the instructional strategies employed in the handling
of definitions. CGinther classified the definition teaching moves on the
basis of whether the moves designated the objects denoted by the term
being dcfined, gave a ser of necessary and sufficient conditions for an
object te be labeled by the term being defined, or by giving a term
claimed to mean the same thing as the term being defined. These three
classes of definicions were called denotative, connotative, and synony-
mical definitions resgpectively.

The results showed that in both algebra and geometry connotative
definitions were used most, and synonymical definitions were used least.
An analysis of the percentages of sach type used in each subject showed
a difference between the types of definitions, as shown in Table 1 below
{Ginther & Henderson, 1966).

Table 1
Percentage of fach Definition Type Appearing

In Algebra and Geometry Textbooks Surveyed

Definition Type % of Algebra Moves % of Geometry Moves
Denotative 29 10
Connative 66 89
Synonymical . 5 2
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An analysis of these percentages indjcates that the authors of the
texts surveyed may think that characteristics, or properties, of the
objects in the concept's referent set are the most important factor in
the attainment of a concept from written materials. This conviction
seem8 to be stronger in geometry than in algebra. as the percentage of
connotative definitions in geometry was 8%, while tha percentapgz of
connotative definitions in algebra was 66. The denotative definitlon
moves ranked second in order of usape in both rhe algebra and geometry
materials. The¥ accounted for 29% of the (Jefinitional moves in algebra
and 0% of those In geometry. This finding wight be interpreted as
meaning that authers of textual materials in mathematics feel that the
use ofF examples is more important in the teaching of algebra than it is
in the teaching of geometry. Another interpretation for the drop in
denotative moves as one changes from algebra to geomebry could be the
amount of page space required for denotative moves jin a geometry text.
The use of synonymical definitions was found to be rhe least used
strategy 4n both subject matter areas. This finding agreed with Smith's
et al, {1967) findings concerning the mets—distinction move.

When the total strategies for presenting definitions were examined.
Ginther found four basic patterns. These patterns can be considered
concept teaching patterns, for the definition teaching strategies were
designed to place a specific meaning with a particular term. The basic
patterns denoted by Ginther were explanation-definjition: definjtion~-
explanation, explanation-definition-explanacion, and definition.

Ginther's work was important in that it established the existence
of four different instructional strategies which appeared in contemporary
mathematics texts. In addition. it poted the differences in the use of
the three classes of definitional moves in algebra and geometry texts.

Regtor's Study

The first study to empirically test the relative e€fficacy of different
concept teaching strategies for mathematical concepts was done by Rector
(1968) {Rector's study is reported in Rector and Henderson (1970).)

Rector arrived at four strategies to examine by making a liberal trans-
lation of Ginther's definitional strategles into Henderson's concept
move language. This was done by substituting characterization moves for
Ginther's definitional moves and exemplificarion moves for Ginther's
exPlanation moves. This resulted in the following four strategies:

l. a set of exemplification moves followed by a set of characteri-
zation moves,

2. a set of characterization moves followed by a set of exemplifi-
cation moves,

3. a set of exemplification moves followed by a set of characteri-
zation moves Eollowed by still another set of exemplification

moves, and 6 8
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4, a set of characterization moves.

Using the alphabetic mode of representing strategies, these four stratepies
would appear as EC, CE, ECE, and C stratepies respectively.
=

. Racror compared the relative efficacy of these four strategies for
their abllity to influence student acquisition of eleven concepts from
elementary probabllity theory. Rector developed programmed instructiocnal
materials in which the strategies, each consisting of five moves per con-
cept, were structured as follows:

1. Characterization Strategy {C}. This instructional strategy con~-
sists of five characterization moves.

2. Characterization-Exemplification Strategy (CE). This instrue-
tional strategy consists of a characterization move followed by four
exemplification moves.

3, Exemplification-Characterization Strategy {(EC). This instruc-
tional strategy consists of four exemplification moves followed by a
charac-erization move.

4, Exemplification-Characterization-Exemplification Strategy (ECE),
This dinstructional strategy consists of two exemplificacion moves followed
by a characterizacion move followed by wvet another set of two exemplifi-
cation moves.

To test the relative effectiveness of the four strategiles, Rector estab-
lished a taxonomy of cognitive behaviors patterned after that developed
by Bioom, Englehart, Furst, Hill, and Krathwohl (1956). Rector collapsed
Bloom's taxonomy into the Following three levels: (a) level one, know—
ledge and comprehension: (b) level two, application; and (c) level three,
analvsis, synthesis, and evaluation. Tn additlon to these three levels,
Rector totaled the criterion test scores for each level to get a score
which represented the student's performance over a broad range of educa-
tlonal goals and cognitive behaviors.

A second factor in Rector's study was the inclusion of a classifi-
cation facror dealing with the levels of mathematical ability present
in the students who served as subjects. The students were divided
into high and low mathematical aptitude groups on the basis of their
rerformances on the mathematics subtest of the S5cholastic Apritude Test,

If H is used to represent those classified as having a high mathe-
matical aptirude and a L is used to represent those having a low mathe-
matical aptitude, the design of the study could be tepresented as showm
in Figure 3.
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C EC ECE

AA A A

Figure 3. Design of Rector's 4 x 2 Factorial research model

The instructicn in the study was carried out through the medium of
programmed instruction. This mode was chosen because it allowed for

complete control of the moves being used, and it equalized the personality

and competency questions sometimes referred to in studies comparing
teaching techniques.

The experimental matertals were given to a group of undergraduate
students who served as a sample, and they were allewad €0 work through
the materials in ¢lags time. The criterion test was administered three
days after the students had completed the programmed materials.

A two=way analysis of variance was run on the data from the 4 x 2
design. The analysis, run for each 0f the three cognitive levels and
the total test scores, resulted in only one significant difference (at
the .05 level), other than aptitude differences. This finding suggested
that the C-strategy was significantly better than any of the other
strategies in promoting student acquisition of the concepts at the Level
I, knowledge and comprehension, stage of cognitive behavior. No other
differences were found between the C, CE, EC, and ECE strategies or
interactions between them and the levels of the aptitude factor. (These
results are reported in Rector and Henderson (1970)}.)

. Rector {1968) hypothesized that the significance of the C-strategy
at the knowledge and comprehension level was due to the fact that it
allowed the students to focus on the relevant material quicker and that
it made fewer demands on the student than the other strategles. The
other strategies, EC, CE, and ECE, required the student to infer some
facts about the concept from the exemplification moves contained within
the strategy. The knowledge and comprehension level of svaluation alse
calls for a more direct form of remembering and dealing with the infor-
mation than the other levels of the taxonemy of cognitive behaviors.
The lesser demands of the C-strategy on the student combined with the
lesser demands of the level of evaluaticn of the C-strategy may be the
factors which lead to the significance of the C-strategy at the Level 1
stage.

Rollins' Study

A second study conducted at the Univarsity of Illineis in the same
general time period was the work of Rollins (1966). His study tested
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the relative efficacy of three strategies for teaching mathematical con=-
cepts and generalizations by Buided discovery. (Rollins' study is reported
in Rolling and Henderson {1967).)

Rollins proposed that a general guided discovery pattern consisted of
the following decisions on the teacher's part:

1. The teacher selects a generalization with which he hopes to
gulide the students ineto discovery.

2. He seleces instances of the generalization and presents them
to the pupils.

3. He directs the pupils' thinking relative to the instances by
means of prescriptions or leading questions.

4. He seecks evidence of abstraction by the pupils, that is
seeing the common form (pattern) amid the differences. Valid evidence
is quickness in giving the correct response or a statement of the correct
generalization.

5. 1IE such evidence 1s abundant, the tescher concludes that the
pupils have discovered the generalization. If not, he repeats steps
2, 3, and 4, using new instances and perhaps emplo¥ing various pedago-
gical aids to make the pattern more evident. (Rollins & Hendersom,
1967, pp. 583-584)

Within this set of steps, various strategles for concept teaching
might be identified if one views concept teaching from the standpoint
of getting students t¢ obtain the necessary and sufficient conditions
for the use of the concept naming term. These different strategles
would result from the selection of examples and nonexamples for Steps
2 and 3 above, a8 well as the sequencing of these exemplification moves.
The three strategies chosen for use in the Rollins study were adaptations
of three inductive strategies which he ascribed to John Stuart Mill (1872).
These three strategies were:

1. The stratagem of agreement. This strategy used the approach of
presenting a sequence of examples from which one could infer that “Every
case of p i8 also a case of q¢." Other factors in the examples would be
present in sows cases and absent in others, thus allowing the subjects to
decide which factors are necessary or sufficient conditions for an abject
ta be a8 member of the concept's referent set. Only Ffactors p and 4 would
be present in all cases. The students could then infer the stated genera-—
lization.

2. The stratagem of difference. This strategy used the approach of
presenting a sequence of examples and nonexawmples of the councept. The fac-
tors involved in these cases should lead the student to infer that “Every
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case of p is alsc a case of 4." One example might show that both p

and q hold in the face of other factors, while another example shows

that when the irrelevant characteristics or the prior example hold and q
ia absent, p is also absent. This strategy uses the logic of the contra-
positive.

3. The joint stratagem of agreement and difference. This strategy
is a combinatlon of rhe two previous strategies and provides the student
with seemingly better information on which he can infer the statement
“"Every case of p is also a case of q." This strategy, due to its con—
struction from the two previous strategles, is best analyzed {n the form
of two different substrategies.

a. The paired instance3 stratagem of agreemenr and difference.
In this substrategy, each example of the necessity and
sufficient conditions obtained by the stratagem eof agree-
ment 1s followed by an example gemerated by the stratagem
of difference.

b. The nonpaired instances stratagem of agreement and difference.
In this substrategy, all the examples derived from one of
the stratagems are presented and then all of the examples
derived by the other are presented.

Rellins selected ten concepes from the secondary school geometry
curriculum, which were unfamiliar te a group of jumior high school stu-
dents, fot inclusion in a programmed instruction unit. The materials
were prepared according to the stratagems of agreement, the paired in-
stances stratagem of zgreement and difference, and the nonpaired instances
stratagem of agreement and difference. The three forms of concept teach-
ing materials were designed so that the evaluation of student achieve-
ment was contained within the materials. An unreported number of instruc~
tional frames were used first then four frames were used to test the
subject's attainment of the concept of concemn.

These programs were then randomly assigned to a sample of eighth-
grade mathematics studemts who had been grouped into high, average,
and low ability groups om the basis of their performances on the
Callfornia Short Form Test of Mental Maturity so that the three stra-
regies were crossed with the ability groups.

The results of the evaluation frames when subjected to a two-way
analysis of variance showed the following findings:

L. Students were capable of learning the concept from any
of the strategles.

2. Students of high abllity learmed the most and students of
low ability learned the least.

3. HNone of the hypotheses suggesting that there were no differences
in the relative efficacy of the three strategies were rejected.
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4. None of the hypotheses suggesting that the interactions were
the same between the strategies and the ability levels were rejected.

As a Yesult of these findings, Rolling and Henderson (1967) concluded
that:

In light of these findings it would seem that teachers,
textbhook writers, and programmers of automated teaching
devices who wish to use inductive stratagems in teaching
corcepts and generalizations need not limit themselves to
any one of the three stratagems investigated in this experi-
ment. It would appear that, whichever stratagem is chosen,
studencs of all abilities will learn from it. <{p. 588)

Laboratory Studies of Concept Learning in Humans

The Search for New Domains for Relative Efficacy Studles

The foregeing studies found no significant differences of note in
the relative efficacy of various patterns of moves in teaching mathema-
tical concepts. Hence, one might wonder about the viability of the
rational model of teaching for suggesting researchable hypotheses. In
an effort to find situations where strategies might be especially
effective, researchers examined findings of laboratory studies of
human concept learning to identify tgpical learning problems. When
such problems were identified, the laboratory findings were trans-
lated into factors in the language of the strategies of a teaching
model. These factors could then be evaluated for use in relative
efficacy studies from the standpoint of their logical structure.

Rosenshine and Furst (1971), in reviewing research on teacher per-
formance ecriteria, suggested that more notice should be taken of the
results of laboratory studies of meaningful human learning. In addition,
they suggested that more attempts should be made to follow the strategy
mode? for conducting research on teaching. Both of these suggestions
seemed to indicate that more relative efficacy studies should be attempted,
but with more considerations of laboratory findings and their implica-
tione for developing effective teaching strategies.

An analysis of che foregoing teaching strategy studies showed that
they dealt only with the teaching of concepts in general. There was
ne particular effort by Rector or Rollins to identify the typPe of
concepts being taught or whether types of teaching strategies might
be differentially effective for various types of concepts. Looking at
Ginther's study suggests that there might be some difference in the
ways in which algebralc and geometric concepts should be handled.
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Little analysis has been given te the logical types of concepts identified
by Henderson in his functional taxonomy of concepts or other models of
concept types developed by others.

Bruner's Analysis of Concept Types

Bruner, Goodnow, and Austin (1956} partitioned the class of concepts
into three subsets: conjunctiwve concepts, disjunctive concepts, and
relational concepts. These three types of concepts are determined by
the manner in which their defining conditions are combined.

A conjunctive concept is one determined by the joint occurrence of the
appropriate values of its defining attribytes. It is characterized by the
use of the logical connective "and.” A disjunctive concept is one which is
noted by the occurrence of at least one of the appropriate values of its
defining attributes. It is set off by the use of the logical connective
"Yor." The third type of concept, the relational concept, 18 one which is
determined by an explicit relationship between the wvaluea of the defining
attributes.

Hendersor's Analysis of Concept Types

Henderson (1970} proposed a different partition of the class of con-
cepts based on logical uses and properties of concepts. The general classes
he offered were: denctative, nondenotative, and attributive. A denotative
concept 15 a concept which has a nonenpty referent set. A nondenctative
concept, on the other hand, is a concept which has an empty referent set.
The class of denotative concepts can be further partitioned into the sub-
clagses of singular and general denotative concepts. A singular dencta~
tive concept is one with a single element in its referent set. A general
denotative concept is one which has more than one element in its referent
set. An gttributive concept is a concept whith does not have a referent
set assoclated with it. Rather, it refers to a property that characterizes
a particular set of objects, ideas, or actions. For example, one might
have the idea, or concept, of "rigor" in mathematics, but the term "rigor”
does not act as a gorter to Partition some domain into examples and non-
examples of rigor.

Henderson (1970} further developed hLis functional taxonomy by differen-
tiating between concrete and abstract concepts. A concrete concept is a
denotative concept which has concrete elements in its referent set. An
abstract concept - is a denotative zoncept which does not have concrete
elements Iin its referent set. Most of the concepts in mathematics are
abstract denotative concepts. In the remainder of this paper, it is
this class and its gybclasses which will be the concept of concern.

In addition, this functional taxoenomy of concepts can further be
divided into conjunctive and diajunctive subclasses in accordance with
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Bruner's classification. The results of such ¢lassificationa of concepts
leads to a taxonomy of concepts shown in Filgure 4.

conjunceive

slngula "“‘"‘"‘--.disj unctive
oncrete conjunctive
general‘:::::::

disjunctive
conjunceive
Slj'“gm“<d isjunctive

eno I:al::lve\
Concept abstract<::::::::: conjunctive
gene ral<

disjunctive

nondenatative
singular
eneral
Flgure 4, The combination of Henderson and Bruner’s taxonomies of concept
typea. .

Regearch on Disjunctive Concept Leacning

The majority of studles dealing with the nature of learners® concept
attainment strategles for conjunctive and disjunctive concepts indicated
that subjects encountered more difficulty with disjunctive concepts.
Bruner et al., {1956} attributed the difficulty to the following reasons:

1. the inability of subjects to profit from the information contained
in nonexamples of the disjunctive concepts,

2. the general tendency to avold disjunctive concepts and dis-
junctive situations in 1ife, and

3. the fallure of conjuncetive attainment strategles in dirjunctive
concept altuatiocns.
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Hunt and Hovland (1960) suggested that many subjects confuse the
meanings of the terms "and” and "or." In separate studies, Wells {1963)
and Shore (1964} obtained results that indicated disjunctive concept
attainment could be improved with training in identifying disjunctive
situations., Snow and Rabinoviteh {1969) compared the relative difficulcy
of disjunctive concepts with 9- to l3-year-o0lds. Their results showed
that the disjunctive concepts were harder t¢ attain at each ape lewvel than
the conjunctive concepts. Snow and Rabinovitch's findings, when combined
with Bruner's findings, imply that disjunctive concepts are harder to
attain at all age levels.

Recent Studies of the Relative Effectiveness of Various

Concept Teaching Strategies

Dossey's Studies

With these laboratory findings in mind, a study (Dossey, 1971) was
designed to test the relative efficacy of four instructional strategies
for teaching disjunctive concepts in mathematics. The CE, EC, and ECE
stratepgies identified by Ginther and used by Rector were chosen as well
as a CEC strategy identified in an analysis of audiotapes of classroom’
teaching of disjunctive concepts. The C strategy, identified and usad
in earlier studies, was eliminated from this study as it contained no
exemplification moves. A major factor in this study was the role
exemplification moves play in the subject’'s attailnment of specified
disjunctive concepts., (Dossey's study is reported in Dossey and
Henderson (1974).)

The four strategies used in the study were the following:
1. Characterization-Exemplification Strategy (CE). This instruc-

tional strategy consists of four characterization moves followed by a
set of six exempliflcation moves.

2. Characterization-Exemplification—Characterization Strategy {CEC).
This instruetional strategy consists of two characterization moves followed
by six exemplification moves followed by an additional two characterization
moves .

3. Exemplification-Characterization-Exemplificatrion Strategy (ECE).
This instructional strvategy consists of three exemplification moves
followed by four characterization moves followed by an additional chree
exemplification moves.

4. Exemplificarion-Characterization Straregy (EC). This instruc~
tlonal sctrategy conslsts of six exemplification moves followed by four
characterization moves,
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An example of a disjunctive concept, due to the nature of the logical
structure of the concept, is an object or idea which satisfies at least
one of the defining conditions of the concept. It is not necessary that
it fulfill all of the disjuncts, or defining conditions, as in the case of
a conjunctive concept. To be a member of a disjunctive concept's
referent set it is sufficient For the object to satisfy omly one of the
several defining conditions for the concept. Hence, the attainment of a
disjunceive concept through o sequence of positive exemplification moves
amounts to a difficylt information processing probklem.

A nonexample of a disjunctive concept must interact with 'each of the
disjuncrs in the defining statement fov the concept. This Ffollows from
the application of DeMorgan's law for the formation of the negative of a
disjunction (Exner & Rosskopf, 1959). The resulting statement is a con-
junctive statement each of whose conjuncts is a negation of one of the
disjuncts of the orlginal deflning statement For the concept. T7This
nonexample defining statement must intevact with each of the defining
conditions of the disjunctive concept. Hence, the use of nonexamples
in teaching disjunctlve concepts involves the relevant properties more
often than the use of examples would.

In theory, Lt seems as If a teaching strategy for disjunctive concepts
employing a large number of nonexample moves might be more efficacious
than one coploying a smalier number of nonexample moves. This thought
resulted in the insertion of an exempllflication approach factor into the
study. [ts levels were:

. L. Monexampie Approach (~E). TIn cthis level of the exemplification
approach factor, the ratio of nonezample to example moves is 2:1.

2. Example Approach (E). In this level of the exemplification
approach factor, the ratio of nonexample moves Lo example moves is 1:2.

The insertion of the exemplification approach factor into the scudy
sugMested that nonexample moves might interact differently with stodents
of dlffering intellectual abflity levels; hence, a third factor, intellec-
tual abllity was added to the study. The subjects were divided into
bigh and low ability groups wlth respect to the intelleccual ability faccor
on the basts of their performance an the Henmon Nelson Tests of Mental
Maturlty. The resulting experlmentQI'HESIgn wag a 4 x 2 x 2 completely
crossed factorial design with 16 eells. A plctevial model of this design
is piven Le Figure 5.

SR R R

L

H L 4 L H/\. ;/\L E!KL :/\.» H/EiL H/E\L

-

5. Pletorlal model of deslgn used in Dossey's study.

Flpure
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Two other polnts of interest were builec into the study alchough they
were not afforded a full factor sracus. The twelve disjunctive concepts
were divided equally along the lines of algebraic and geometric cencepts,
as well as along the lines of whether the use of che term "or" in the

- concepts was in the inclusive or exclusive sense.

[E

Programmed [nstructional materials were then prepared to teach the
twelve contrived disjunctive mathematical concepts to the undergraduate
students who served as subjects in the study. A sample page from the CEC
example approach program, teéaching the coucept of a preve follows {(Dosscy,
1971}, -

L. A patural number which is either even or prime is called a
preve. Hence, the set gf all preves could be thought of as
the of the ser of all eaven natural numbers
and the set of all prime numbers.

IL. 7 is a preve because it is . 0On the other
hand, 9 is not a preve because it is not and
not -

ITI. CGive an example of a preve, ocher than 7, which is less than
20. 151s not a preve because it is not
and it is not .

1v. Tell why 47 is a preve.

V. Cive an example of a preve between 30 and 40 and tell why you
believe i iz a preve.

vI. Explain whY che setr of all preves is not equal to the ger of
even natural numbers.

VIL. Ope could summarize the regquirements for a natural number to be a
preve by stating rhat a number must satlisy what conditions?

A criterion test was constructed to measure the subjects’ attainment
of the concepts at each level of the cognitive behavior model developed
by Rector {1968)., A pilot study of the programs and tests showed that
there were no significant difference in the times by the subjects to com=-
plete the different Forms of the programmed uynits. Reliability checks
for the total and cognitive level subtests showed cthey were appropriate
for use in che experiment. 78
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The data from the tests was submitted to a throe-way analysis of
varlanca. The analys{s showed that the high ability students scored
significantly hfgher than the low ability students at every level of
comparison.

At the Level I (knowledge and comprehension) stage, significant
differences existed in the exemplification approach factor. A review of
the means showed that the example approach factor was more effective in
promoting stwdent attaloment of concepts.

wWhen the resalts of the Level [I {application) stage. were studied,
a significant difference wns found to exist amcng the different strategy
approaches. Duncan's MNew Muleiple Range Test (Edwards, 1968) suggested
that the CEC strategy was more effective than the ECE strategy, and all
other palrs of strategy means had no significant differences between them.

At Level IIT (analysis, synthesis, and evaluation) stage, both the
strategy and exemplification approdch facrors had signiflcant differences
among their component parts. The exemplfificatfen approach using four
example moves and two nonexample moves was significantly more effective
than the nonexample approach. On the strategy factor, the CEC, CE, and

" EC approaches were signiflcantly more effective than the ECE approach. Neo
other pairs of means for the strategy types had signlficant differences
betwean them.

An annlysis of the subjects’ performance on the total test was carried
out to examine the influcnce of the strategles and exemplilicacion approaches
over a wide range of educatlonal cbjectives and cognitive levela. The
appllcation of Duncan's Naw Mulciple Range Test to the strategy means
indlcated that the CEC and EC strategies were more effective in promoring
the student learning of the disjunctive concepts than the ECE strategy.

An analysis of the means for the exemplification approach factors fndi-
cated that the example approach was more effective than the nonexample
approach.

An analysis of the scores on the algebraic and geometrlc items showed
that the geometric Ltewms were significantly easler for the students to
handle than were the algebraic items. The comparison of the exclusive
concept scores with the inclugive concept scores showed that the exclu-
sive concepts were significancly easier for the students to handle than
were the Inclusive items.

The analysis af the results on the algebralc items indicated that
there was a difference in the relative efficacy of the Four strategies
for helping students attain the concepts. Schefféd's test far Multiple
Comparisons (Winer, 1962) was then applled to the strategy treatment totals
for the algebrale {items. The results of several comparisons turned up
only one comparlson which was signlficant at the 0.05 tevel. The
difference showed that the CEC strategy was significantly better than
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the ECE strategy in helping scudents attain the algebraic disjunctive
concepts., No other differences were noted among the strategy treatment
totals.

The analysis of the items related to the disjunctive geomectric con-
cepts indicated that a significant three-way interaction existed between
the strategy, exemplification approach, and intellectual ability facrors.
No meaningful incerpretation was made for this interaction in terms of
teaching. No prther significant differences were noted for the geometric
items and the factors under study.

The analysis of the data corresponding ro the students responses on
the exclusive disjunctive items also resulted in a significant three-way
intevaction. Again, no meaningful interpretation was made for use in
pedagogical theory. Other than this significsnt interaction, no other
differences were judged significant in this analysis of the data From the
exclusive items.

The final analysis of variance conducted on the data considered the
student vesponses to the items involwving the inclusive disjunctive
concepts. Here both the strategy and exemplification approach facrors had
significant differences among their respective components. Scheff€'s test
for Mulriple Comparisons indicated that che CEC Stracegy was more effec-
tive than the ECE strategy. In addition, the test also indicated that as
a group, the CEC and EC strategles were more effective than the CE and
ECE strategies as a group. The example approach of the exemplification
approach factor was significantly more effective in promoting student
actaloment of the inclusive concepts than the nonexample appreoach.

The results of this study suggest several poincs of interest. Unlike
Rector's study, several scatistical differences were noted bectween the
various strategy types and the exemplification approaches. These difierences
become more evident as one moves up through the levels of the cognitive
bekavior taxonomy. The concepts Rector used were all conjunctive in form.
Hence, the differences noted might be actributed to the fact the concepts
in this study were disjunctive in nature. If so, the idea that the logic
of the concept is the important factor to consider should be followed up
by further research.

Another factor which may have led to the differences was the change in
the length of the strategies employed in the programmed materials. In
Rector's study the strategies contained butg five moves, while the strate=-
gies in Dossey's study concained ten moves. Doas the shifring of the
length of the strotegy cause differences in the relative efficacy of che
strategies?

Another factor which may have caused a difference was the inclusion
of the CEC strategy in Dossey's study. This strategy was not used in
Rector's work, and the majority of che differences in Dossey's study were
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related to this straregy. The common stfategles for both studies showaed
lirtle diEferences ar the various levels of analyses.

The strategy differences were significant at the Level II, Level 1T1I,
and Total Test analyses. The nature of rhe CEC strategy and its relation=-
ships to the nature of a disjunctive concept may be the cause of the superi-
ority of this strategy. It may be the case that the early introduction of
the identification move in the opening set of chavacterization moves in
the CEC strategy fixes the concept fovr the student. The following set of
exemplification moves allows rhe student to focus on the manner in which
the disjuncts appear in the various examples. The last two characrerlzation
moves allow the student to focus on the relevant chavacteristics and prop-
erties that set off the particular disjunctive concept being studied.

The ECE format puts tvo much of a load or the student to initially
infer the relevant deflning attributes of the concept at the outset. In
clesing, it does not provide enough examples (three) for the student to
make Full use of the informatlion in the characterization moves in discri-
minating between examples and nonexamples of the concept. It also does not
provide the same type of clasure the CEC stratepy does. This closure of
characterization moves may be mofe important than the composition of the
set of initial moves in the strategy. ln the analysis of the relative
efficacy of the strategies for dealing with inclusive concepts, the CEC
and EC strategies, those closing with sets of charocterization moves
were jodged to be more effective as a group than those ending in exempli-
Cication moves, namely CE and ECE. '

The same statements apply to the CE strategy that applied to the ECE
strategy. The EC strategy seemed to function faicly well in that it was
always vanked second to the CEC strategy in terms of effectiveness. Irs
performance mipht be atrributed to the larger span of time the student had
to infer, from the sequence of exemplification moves, the nature of the
disjunctive concept. In addition, it had the closure section of & group
of characterization maves. The fact that the otder of the means for the
four strategies at all levels of analysis was the same, namely ECE, CE,
EC, CEC, mowing Erom low to high suggests the import of closure with the
charncterization moves. I

The exempiification approach differences at both the Level 1 and Toral
Test showed that the predominance of example moves in a strategy was more
efficacious than a predominance of nonexample moves. One might theorize
that the example moves were more important for the cognitive requirements
of the items on the Level 1 exam than they were for the other levels of
evaluation. The differences might alsc be explained by agreeing with
Bruner's claim thar students have more difficulty in dealing with non-~
examples ¢F a concept.

The significant role played by the strategies in dealing with algebraic
concepts, while no significant diffevences were Ffound in the relative
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efficacy oF the strategy factor for the feometric concepts, might be due
to the lack of visual elsments in the moves for algebralc concepts.
Example moves for geometric concepts usually involve a visual image while
the :lgebraic moves may or may not fnvolve such a representation. Further
research needs to be done tp clarify this issue. Some combination of the
present findings and Ginther's work might serve as a srarting point.

The findings on the comparisen of the exclusive and inclusive test
item scores showed differences on both rhe strategy and exemplification
factors for the ipclusive contept items. The usge of the example moves
n..y have been more effective here because these items can satisfy one or
both of the defining conditfons at once. The strategy facter differences
might be attributed ro the closure moves of the CEC .and EC strategies.
This .losure set of moves may help the student overcome the confusion of
the "and" and "or" terms in relation to the nature of intlusive dis-
Junctive concepts,

Malo's Study

Two additional relatfve efficacy studies have been carried out by
educational researchers (Gaston & Kolb, 1973; Malo, 1974). We shall
examine the design and results of Malo's study first as it relates to
both the Rollins and Dossey studies.

Malo compared the relative efficacy of five exemplificarion strategles
to teach the twelve contrived disjunctive concepts used in Dossey's
study to a group of undergraduate students. In addition, he prepared a
programmed fnstruction unit which was to teach students how to make use of
the information contained Ln exempliffcation moves In the attalnment of
cencepts. Some emphasis was placed on the use of nonexamples in chis
process.

Malo's study made use of the levels of cognitive behavior developed
by Rector to analyze the relatlve efficacy of the various strategies at
different levels of fntellectual functioning. He also administered the
Henmon Nelson Tests of Mental Maturity to obtain a covarlate measure to
use in the analysis >f che relative efficacy of the strategles,

Results of studies in psychological concept attainment {(Hunt, 1962)
and the results of the exemplificaticn approach factor in Dossey's (1971}
study suggested to Malo the following five exemplificatien strategles
(Malo, 1974, p. 26):

1, Alternating Example and Nonexample Strategy (EN). This strategy
consists of starting with an example and successively alternating six
examples with six nonexamples.

O
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2. Alternating Nonexample and Example Strategy (NE). This strategy
consists of starting with a nonexanple and successively altarnating six
nonexamples with six examples.

3. Alternating Grouped Examples and Nonexamples Strategz 56EN).

This stratagy consists of six examples followed by six nonexamples.

4, Altervating Grouped Nonexamples and Examples Strategy (GNE).
This strategy consists of six nonexamples followed by sixzx examples.

5. Grouped Examples Strategy {E). This strategy consists of twelve
exXxamp les.

Programmed instructional upits were rhen developed to teach the
twelve concepis to the students in the sample. The materials wWere care-
fully develop® to keep the information contained in the moves balanced
with respect & information about the disjuncts in the defining statements
for the concepls. The materials were then given to students who were
allowed te complete them in class time.

The desipn for Malo's study is shown in Flgure.6. The students in the
groups marked with a "a U" were the students who 4id not study the unit on
learning disjunctive concepts from exemplification moves. 7The students
in the groups marked with a "U" were the ones that used the experimencal

units.
AN A

U v -y U~ [EES L]

Figure 6. The experimental design used for Malo's study.

ine analyses performed on the total test data showed that there were
ne significant differences between the Five different exemplificarion
strategies in promoting student actalnment ©f the digjunctive mathemarical
concepts. Malo conjectured thiat the absence of the differences might be
a result Of the length of the strategies. Another possibility cited was
the usage of programmed instruction. It might be possible that the use
of this fnstructional technigue mighr wipe out some differences that
might hold with a teacher's use of the strategies,

The analysis of the student responses for the different levels of
cognltive behavior taxonomy revealed only one significant difference among the
strategies. At Level 11 (application) the Grouped Examples Straregy was
ghown to be significantly better than the remaining strategles. This
findlng was consistent with Bruner's findings (Bruner et al., 1956}, %hen
the adjusted mean scotes for the other strategles were examined, strategies
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that alternated examples witch nonexamples seemed to have some advantafie over
those thac grouped both the examples and the nonexamples.

The analysis of the effects of.the experimental unit on learning from
exemplification moves showed that no significant difference could be
attached to the use of the unit. The lack of a difference here may be
due to several Factors. One is that the students already knew how to
make use of snch information, while another is that the strategy lengths
might have destroyed any differences which resulted from the use or nontse
of the unit. A third explanation might be ¢har the concept teaching
strategies yere S0 carefully constructed that they taught rhe students in
both groups the techniques for learning from examples. If this was the
case, the differences due to the use of the experimental units would have
been wiped ount. )

Two other findings of Malo's study were similar to resulta nored in
Dossey's study. Exclusive disjunctive concepts were significantly easier
for students to attaln than inclusive disjunctive concepts. In addition.
the geometric concepts were significantly easier for students to handle
than were the algebraic disjunctive concepts.

Gaston and Kolb's Study

Gaston and Kolb (1973} compared the relative effectiveness of three
scrategies for teaching the concept of 2 partitica of a set. The study
employed programmed instructional materials to instruct a sample of under-
graduate students about the concept. Bidwell {1974) has commented that
this study had some methodological problems;: however, the design and
factors chosen offer some sugpestions for Further research. The following
three Strategies wyere used in this study:

1. fThe first strategy was a four move CE stratepy consisting of an
identification move followed by two example moves with justification and
then 2 third example move with instructions for the student to verify
that the example truly was an example.

2. The second strategy was an ECE strategy which opened with three
example moves. These moves were Followed with six single characteristic
moves which focused on the relevant defining conditions for a gee pPartition.
After the characteristic moves. the student was glven the original three
exemplificati-n moves again atd then four more new exewmplification moves,
three of which were examples and one of which was a nonexample. This
resulted in a strategy sixteen Moves in length.

3. The third strategy was a thirty-eight move exemplificaztion strategy
consisting of moves which required the student to infer what a partition
was and then discriminate bectween partitions and other subdivisions of a
set. :
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To evaluate the relative sffecelvenass of the three different strategies
on student learning. three tests were given. The first was a Vertical
Transfer Test {(Gagné, 1970). This test was aimed at measuring the students’
ability to transfer their knowledge about partitions from the examples and
characteristics rhay had seen to ranking a list of generalizations concern-

- - ing partitions as being sometimes, always, or never true. The ten item
Vertical Transfer Test was followed by a thirty item test called the
Exemplificatior Test. This second test required the subject to judge
whether or not a particular set suybdivision was or was not an eXample of
a partition of a ser. The third test, called the Characterization Test,
consisted of fifteen statements which supposedly characterized the concept
of a partition of a set. The student was then required to label the state-
ment given as being true or false.

An analysis of the results of the study, while hampered by the small
numbers and the inability to combine the scores from the two classes used,
sugzested that there was no significant difference between the effectiveness
of the strategies on either the Vertical Transfer or the Characterization
Test. However, the results on the Exemplification Test when analyzed by
orthogonal contrasts indicated that the mean of the E-strategy group was
significantly greater than the pooled means of the CE and ECE groups. HNo
significant difference existed between the means of the CE and ECE groups.

The conceri ©f a set partition 1s a conjunctive concept. Hence, the
resutts from this study can be compared and contrasted to the results
identified by Rector and by Rollins. Rector's findings sugpested that the
only differences occurred at the kaowledge and comprehension level of
evaliation. His resules showed that the C-strategy was most effective ar
this level. Caston and Kolb's study did not have any test that measured
cognitive activicty at this level,and they did not have a C-strategy. Gaston
and Kolb found that an E-straregy was most effective on an Exempiification
Test. This finding would compare with a finding at Rector's Lewvel ITI, bur
Rector did not have an E-gerategy. HNeither study showed significant
differences existing at rhe higher levels of cognitive behavior.

In considering these studies.one is led to the conjecture that there
may be some training effect berweeri the Cype of strategy used and the cCype
of evaluation used. Support for this conjecture is given by Rector's C-
strategy showing up well on the Level I test and Gaston and Kolb's E-stracegy
winning out on the Exemplification Test.

Qo
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Directions for Future Relative Efficacy Studies

in Mathematical Concept Teaching

A Review 0f Known Results

Comparisons among the Foregoing studies may not be too accurate in
that chere were many differences in the models used. A crucial difference
was in the lengths of the strategies employed. Rector's strategles were five
moves in length, Dossey's were ten moves long, Malo's were twelve moves
long, and Gaston and Kolb's ranged from Four to thirty-eight moves in length.
Future studies should be careful to note the effects of different Strategy
lengths and the amount of time the scbjects devote to the learning process,
as these factors may have a significant effect on the efficacy of a parti~
cular strategy. Some efforts should be made to keep the evaluation designs,
or some aspect of them, similar enough to permit some form of comparison
between studies, Such studies might also allow for further analyses of
the questions considered before while offering partial replications of
the prior studies.

Future studies should attempt to take the following results of the.
previously mentioned studies into account in order that they may be
considered again in both similar and different settings:

1. Different logical forms of concepts may affect the relative
efficacy of concept teaching strategies (Dossey, 1976).

2. Exemplification strategies do not differ significantly among
themselves, buot may be quite effective in preparing students to function
with conjunctive concepts ac the application level (Gaston & Kolb, 1973;
Malo, 1974; Rollins, 1966).

3. Characterization strategies seem to be very effective in promoting
atudent .chievement of conjunctive concepts at the knowledge and compre-
hension level (Rector, 1968}.

4, Differences exist in students' ability to handle algebraic and
geometric disjunctive concepts, as well as in their ability to deal with
inclusive and exclusive -disjunctive concepts (Dossey, 19713 Malo, 1974).

5. Strategies and exemplification approaches differ in their abilities
to handle algebraic and inclusive disjunctive concepts (Dossey, 1976).

6. High abiliey students d4id significantly better than low abilicy
students no matter what concept teaching strategy was employed.

¢
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These Findings do answer several gquestions concerning the conditicons
under which various concepr teaching strateglies are effective. However,
they still do not Form a firm foundation for making pedagogical decisions
concerning concept teaching.

Shortcomings of rhe Relative Efficacy Studies Reviewed

Several criticisms have been made concerning the manner in which the
foregoing studies have been.conducted. Swank (1973) suggests that the yse
of programmed instruction limits the generalizabilicy of the results of
the studies to any form of classroom teaching. He also mentions that
the strategies employed were too short, i.e., they contained too few moves.
Sowder (19/4) questioned the use of contrived concepts, such as were used
in both Dossey's and Malo's studies. A later study {Sowder, 1975) indi-
cates that there may be no real problems in projecting findings from
studles using contrived concepts.

The Use of the Findings of Relative Efficacy Studies

With these limltations, the findings of these’ tightly controlled studies
do provide some directions for the mathematics educator. The results sugpest
that some strategies may be wore effective for developing certain types of
contepts in writing textual materials, programmed instruction units, or
computer assisted instruction materials. In addition, thevy provide some
direction for determining the conditions under which classroom srudies of
the relative efficacy of varjous concept teaching strategies wight Find
significant differences. Carefully designed studies of classroom teaching
using different strategles might be carried out to attempt te replicate
the studies whichk have been carried out via programmed instruction. Swank
{1973) and Benjamin (1971) have carried out two studies comparing concept
teaching strategies in regular classroom settings.

In addition, the results of the controlled analyses of concept teach-
ing strategies might be used in microteaching situations or in the develop=~
ment of protocol materials on concept teaching. Such studies might alse
provide empirical findings which can be used to justify the study of
concept teaching strategies 1n mathematics education texts, for example,
Dynamics of Teaching Secondary School Mathematics (Cooney et al., 1975).
Further, the findings may stimulate further studies on the relative efficacy
of concept teaching strategies.

A Model for Further Research

The design of future studies might consider the following research.
paradigm for concept teaching strategies. This model is developed from
the model proposed by Henderson (1970} and Turner {in this monograph).
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The model, pictured in Figure 7, draws its major dimensions from Turner's
suggestions. The first dimension consists of the variety of concepts
considered in the mathematics curriculum from grades K-12. The various
concepts might be listed individually or they might be divided into
various subdivisions according to various classificatory rules such as:
general-vague, denotative-nondenotative, algebraic-geometric, conjunc-
tive~-disjunctive, or singular-general.
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Figure 7. The mudel for future concept teaching research.

The second dimensien of the model. teacher actieons, is cencerned with
various factors belicved to be relevant to student acquisition of the
concepts under Study. Turner sugBests Subdivisions along this dimension
to consist of both strategies and moves. A researcher must consider the
impact of various strategy types en student learning, as well as the
relative power of individual types of moves. The third dimensicn is the
one that considers the variou® atcributes pessessed by students. These
attributes are believed to be correlated with students' ability to attain
the conceptual material of interest. Such factors micht be achievemenr,
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aptitude, or attitude scores From tests ©r other sources ef information.

A fourth dimensiocn which Ls not pictured in Figure 7 consists of various
levels of indicartors of student attainment of the concepts of interest.
Such indicarors might take the form of a taxonomy of levels of mathematical
cognitive achievement.

Topics for Further Investigation

Some topics which need further investigation are:

1. Contemporary texts could be sampled at the elementary and
secondary levels to determine what strategies are being used. Such a
study might go glong che directions laid out by Ginther. An interesting
point would be analysis of the algebra and geometry concept ceaching stra-
tegies employed by the same author in che cases where texts by the same
author oxist.

2. The "power" of a single move cpould be examined with respect to
another move at the same point. For example, does an identification move
and a necessary condition move have the same effect on scudent acquisi-
tion of a concept. Here strategies identical except for the one move
would have to be used.

3. Studies investigating the rele of telling and the role of question-
ing also fall into the realm of concept teaching strategies in mathematics.

4. 7The length of strategies and their relationship to student attain-
ment of concepts is also another area of interest (Dossey, 1975). 1IF the
design of this type of research calls for evaluarion tO take place within
the scrategy, the investigator musct be careful to realize he is adding
a move to the strategy at this point.

S. More work needs to be done in examining the role of example and
nonexample moves in concept teaching. Shumway (1974) has Jone work that
provides insight in Chis area. Such studies must cavefully balance the
total amcunt of informacion conveyed in the strategies.

The Eindings from such studies would, when combined with extant results,
move us toward a theory of mathematical concepc teaching which would begin
to take on the characteristics suggested by Gage (1963) and Bruner (1968).
They would also provide the methods teacher with a set of generalizacions
conterning the teaching of mathematical concepts drawn from empirical
studies of the relative efficacy of concept teaching strategies.
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An Empirical Comparison of Teaching Strategies Where the Amount

of Content Information and Teacher-Pupil Interaction Is Variedl

Earl W, Swank
Coastal Plains Cooperative Educational $ervices Agency

Valdosta, Ceorgia

Teacher talk is an integral, if noc essential, aspect of teaching
strategies (Hughes, 1963; Meux & Smith, 1964). Since teacher talk
reépresents a sizable portion of the classroom dlalogue it is justiitiably
the concern of research. Certainly, as the teacher makes verbal contri-
butions to the ciassroom dialogue, he {s communicating information about
content. Gage (1972) wrote that the substantive content in the teacher-
pupil interactions should have some impact on the learning that the
students experience.

Research concerned with describlng the substantive part of the
teaching act has been carried out by Beliack (1965) and Smith, Meux, )
Coombs, Nuthakl, and Precians (1967}, A logical outgrowth of studies such
as the two just mentioned is to manipulate the substantive aspect of the
classroom dialogue in an experimentak setting. The present study is an
example of how the substantive content relative to selected mathematical
concepts can be manipulared in a simulated eclassroom setting and how such
manipulations affsct student learning.

Starement of the Problem

One purpose of this study was to determine i{f student achievement
is sensitive to variations in the amount of content luformation. A
second purpose was to investipate the effect of teacher-pupil verbal
interaction on student achievement. The amount of content Information
and the amount of teacher-pupil verbal interaction in establishing the
content informarion were:.regulared simultaneously so that possible

lThis paper 1s based on a doctoral dissertation submitted to the
Department of Mathematfcs Educat{ion, University of Georgia, in 1973,
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interactions of these twe factors could be ascertained. A student abilicty .
and treatment interaction effect was made possible for investigation by
randomly selecting students on two differene abllity levels for participa-
tion 1ir the seudy.

One variable under consideration was concerned with the amount of
content information contained in the classroom discourse relative to a
specific concept. The amount of content information that i3 eransmitted
by an instructional stratepgy can be described by the number of concept
moves. Operationally, a concept move as described in Henderson's (1967) model
for the teaching of mathematlcal concepts can be thought of as a unie of
content information. Certainly, different types of concept moves provide
differene kinds of content information, but with careful limitations the
number of concept moves can serve as an indicator of ehe amount of content
information contained in an instructional strategy. Emphasis for studying
conecent information contained in the classroom discourse 1s provided by
Gage (1972) who stated, "By all that is plausible the logical and substan-
tive content of the classroom content oughet to have some connection with
knowledge and comprehension students acquire” (p. 313). A second variable
was the amount ©of teacher-pupil verbal interactions in establishing the

. content information within the classroom discourse. As che concept moves
‘are established ln the classroom dialogue, there is some probability that
the students will be cognitively involved. However, it seems reasonable
to assume that "the probability that students are cognitively involved is
directly proporticna’l;to the amount of overt participaticn (Snow, 1970,

p. 25). Since verbal responses represent one category -. vert patrici-
pation, the verbal r&sponses can be used to indicate whel. students are
cognitively involved in the establishment of a concept move. .

If the set of teacher-pupil verbal interactions is restricted to the

verbal interactions related to the estabiishment of cencept moves, then

- from a learning viewpoine it appears ehar the value of a concept move to
a student 1s enhanced 1f the student contributes something to the it
establishment of thar concept move. Therefore, the ihdependent variable,
concept move interaction, was defined to Systematically control whether
a concept move was a result Of teachey talk or a combination of teacher
taik and student q§lk. A classification system was developed to distin-
guish three different types of concept move interactions that may occur
and is given in Table 1. A pethod of describing distinct levels of con- *
cept move interactions is provided by this classification system.

An example is provided te illustrate the difference between categories
1 and 2. If the teacher names a pairing ©f the members in two sets and
then asks the students if this pairing is a function, some students may
say "Yes, it is a function." If the: teacher goes on to something else
or follows the studeunt cesponse with a justificarion of why the pairing
is a funceion, the concept move interaction would be classified as a
"1." However, if the reacher had asked why ie is a Function and the
student gave the justificacion, the concept move interactinn would be
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classified as a "2."

Table 1

Voncept Move Interaction Categories

Category Amount of Concept Move Interaction

0 The reachar completes the concept move in its
entirety.

i The teacher completes the concept move with a

shorr response from the student.

2 The teacher completes the concept move with
either (1) two or more short responses or
(2) a lengthy response by one or more students.

By operationally defining ewo levels for each of the two veriables,
frequency of concept moves and concept move interaction, it was possible
to develop four instructional strategies. The four instructional strate-
gies, denoted HH, HL, LH, and LL, are described below:

1. HH 1is an instructional strategy employing a relatively high
frequency of concept moves combined with a high amount of teacher=-pupil
verbal interaction in establishing the ceoncept moves.

h2. HL is an instructional strategy employing a relatively high
frequency of concept moves combined with a low amount of teacher-pupil
verbal interaction In establishing the concept moves.

3. LH is an instructional strategy employing a relatively low
frequency of concept maves combined with a high amount of teacher-pupil
verbal interaction in establishing the concept moves,

4, Ll is an instructional strategy empioying a relatively low
Frequency of concept moves combined with a low amount of teacher-pupil
verbal Interaction in establishing the concept moves,

O
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Instructional Strategies

The twe levels of concept move interaction were defined in the
following manner. A high concept move interaction strategy contained
at least twice as many moves in the "2" classification as in the "O"
classification. Reversing this ratioc of moves in the "0" and '2"
classifications defined the low concept move interaction strategy. In
both strategies the number ¢f concept move interaccions classified as
"1" were minimized. Tables 2A and 2B contain the number of concept moves
in each of the four strategies and the distribution of concept move inter=-
actions planned for each strategy.

As the frequencies in Tables 24 and 2B indicate, the number of con-
cept moves in the high frequency concept move strategies (HH, HL) is
approximately twice the number of concept moves in the low frequency
concept move strategies {(LH, LL)}. Although there was a relatively large
difference between the two frequencies of concePt moves, there was no
difference in the types of concept moves. To illustrate, consider
one Particular type of concept move, say the "example" concept move.
There may be twe examples of functions represented by an arrow diagram
in the low freqguency concept move sStrategy so¢ the high frequency con-

‘cept move strategy would contain four examples of functions using the

arrow diagram gotation. Thus, the 2 to 1 ratio was preserved across
each type of concePt move for each of the three concepts taught---func-
tion, inve.se function, and constant function.

Table 24

Planned Frequencies of Concept Move Interactions (High Frequency Strategy)

HH Strategy HL Strategy
Interaction Number of Interaction ° Number of
Categories Moves (N} Categories Moves (N)

0 N < 36 0 N> 74

1 N< 1l 1 No< 11

2 N> 74 2 N < 36
Total 121 Total 121

O
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Table 2B

Planned Frequencies of Concept Move Interactions {Low Frequency Strategy)

LK Strategy LL Strategy
Interaction Bumber of Interaction Numbet of
Categories Moves (1) Categories Mover (N}
0 N < 14 0 N > 36
1 N < 11 1 N < 11
2 N > 36 2 N < 14
Total 61 Total 61

Deacription of Tests

An achlevement test was constructed and field-tested in a pilot study
prior te the implementaticn of the present study. An item analysis of the
achlevement test led to the elimination of those items too easy or too
difficult or that had negative discrimination values. Another revision
in the achievement test was accomplished by including items concerned with
the composition of functions even though this concept was not included in
the instructional strategles. The composition items were introduced to pro-
vide some measure of the relative transfer effect of each instructional strategy.

Each ltem on the revised achievement test was classified by three
judges according to the cognitive behavior required for a successful answer.
Four cognitive levels based on Bloom's taxonomy were used for classifying
each of the test items. The four cognitive levels and the frequency of
items at that level were: knowledge (6}, comprehension (22), application
{23), and analysis (15). The 68 test items included 16 true-false, 23
multiple choice, and 29 completion-type questions. A parallel form of the
achievement test was constructed by using equivalent ltem forms, thus
one form served as the posttest and the other as the retention test., The
poattest was administered one day after the completion of the instructional
strategies, and the retention teat was given one month later. There was no
time restriction although everyone finished in less than one hour.

 Reliability coefficients were calculated for the posttest, retention
test, and the cognitive gubtests using the Kuder-Richardson formula 20
(KR20). Table 3 contains the calculated reliability values.
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As indicated in the table, the reliability values for the total tests
were adequate while the knowledge and analysis subtests were less than
desirable., These two subtasts contained the fewest items (6 and 15 items
respectively) and also the least variance.

Table 3

Reliability Coefficients

Posttest Retention Test
Total .77 Total .17
Knowledge Items -.02 Knowledge .79
comprehension Items .65 Comprehension .65
Application Items .68 Apélication Items .58
Analysis Items .13 Anal}sis Items .19
IH!Echeses

The following null hypotheses were tested in the Study.

H.: There 1s no difference between the mean performance of students
experiencing the high frequency of concept moves and the mean parformance
of students experiencing the low frequency of concept moves on the post-
test achlevement measure.

H2= There is no difference between the mean performance of students
experiencing the high level of concept move interaction and the mean per-
formance of students experiencing the low level of concept move interaction
on the posttest achievement measure.

H.: There is no difference between the mean performance of the
abilit; level I students and the mean performance of the ability level
II students on the posttest achievement measure.

Hﬁ: There is no significant interaction of the frequency of concept
moves and concept move Interaction on the posttest achievement measure.

H.: There is no significant interaction of concept move interactions
with sgudent abiliries on the posttest achievement measure.

99
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H.: There is no significant interaction of frequency of concept
moves with student ak:lities on the posttest achisvement measure.

H: There i1s no significant interaction of frequency of concept
moves, concept move Lateraction, and che student ability levels on the
posttest achievement measure.

Hypotheses H through H,. were generated by replacing tue word "post-
test" in the sever hvpotheseg above with each of the following phrases:

1. the knowledge items gubtest of the posttest,

2. the comprehension ftems subtest of the posttest,

3. the application items subtest of the posttest, and

4, the analysis items subtest of the posttest.

Hypotheses H_. thre=gh H,. were generated by using each of the
retention measuxeg listed below as the dependent variable in place of the
posttest measure in hypotheses Hl through H?:

1. the rotal retention test measure,

2, the knowledye items subtest measure of the retention test,

3. the comprehension items subtest measure of the retention test,

4, the application items subtest measure of the retention test, and

5, the analysis items subtest measuce of the retention test.

The nul! hypotheses liseed above were tested to indicate which fat-
tors or combinations of factors significantly affect student achievement
as measured by a posttest and retention test. The treatment interaction
hypotheses were of particular interest since the combining of treatments

might wave an effect different than that expected from considering each
traatment independently (Winer, 1962).

Sample

The subjects selected for participation were chosen from the eighth-
grade class at Clarke Middle School in Athens, Ceorgia., Clarke Middle
School is an integrated public school with approximately 330 studencs
in che eighth-grade from all socio-economic levels,
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School records were used to obtaln I.Q. measures (California Test
of Mental Maturity) which were then used to select students to pretest
for possible participatlon in the study. Since average and above average
students were desired for participation, it was arbltrarily determined
to pretest only students with an I.Q. measure of 100 gr higher.

Approximately 125 students were pretested to determine the selection
of students for participation in one of the four instructional strategles.
The pretest-items yere partitioned into three subtests corresponhding teo
the flrst three stages of Thomas' hierarchy (1975)¢ which permitted the
placement of each student at one of the three stages. All students
placed at stage two or higher were eliminated from Eurther comsideration
for participation in the study. After the eliminations were completed,
the next procedure was to separate.the remalning students into two
distinct ability groups on the basls of their I.Q. measures. This
separation process was determined by the distribution of I.(}. measures
among the remaining students participating in the study.

Ability level I students were defined to be students with an I.Q.
measure of 100 to 105 inclusive. Ability level II students were defined
to be students with I.0Q. measures of 111 to 125 inclusive. It was
necessary to use a wider range of I.(Q. measures for the ability level II
students to obtain an adequate number of students.

The final selectlon procedure was to randomly select five students
from the ability level I group and five from the ability level II group
to form an instructional group. This randomlzation and stratification
procedure was repeated until eight groups of ten students were selected.
Each instructional strategy was then randomly assigned to two of the =
eight instructional groups. This procedure permitted the replication of
each instructional strategy.

Analysls of Concept Moves and Concept Move Interactions

To insure fidellty of the instructional strategies implemented teo
the planned instructional strategies, each instructional session was
audio-recorded and analyzed in terms of concept moves and concept move
interactions. The analysis of the taped lessons allowed a comparison of
the observed concept moves and concept move interactions with the planned
concept moves and concept move Interactions. Analysis of the taped
lessons was done daily by the investigator to cbtain daily feedback to

zﬁ sequence of five stages was developed by Thomas to describe the
development of the Function concept. For a complete description and
discussion of the stages see Thomas (1975).
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indicate the rigor with which e€ach strategy was implemented.

A sequence of five twenty minute lessons was employed to implement
each of the four Instructionmal strategies. The investigator was the
only teacher implementing the four instrucrional strategies. Approximacely
two weeks were required for implementation of the Instructional strategies
and the administration of the positest.

A comparison of the distribution of planned ctoncept moves with the
distribution of observed concept moves demonstrates that the Planned
lessons were implemented. The distributions for the planned and observed
concept moves related to the three selected concepts—=functions, inverse
function, and conscant function—=for each instructional strategy are
given in Table 4. The data in (able 4 indicate the number of observed
moves 1s equal to or less than the planned moves. Some of the planned
concept moves were stated improperly or not compieted which resulted
in the number of observed moves being slightly less than the number of
Planned coucept moves.

The taped lessons were also analyzed in terms of the concept move
interactions to determine how well the different concept move interaction
strategies were implemented. The number of observed concept move inter-
actions and the number of planned concept move interactions for each
fnstructicnal strategy are glven in Table 5,

The frequencies of the observed concept move interactions were in
the desired direction compared to the frequencies of the planned concePt
move interacrtions except for three instances--interaction categories 1
and 2 for the HHy strategy and category 1 for the HH2 strategy. Despite the
three discrepencies noted, rthe data indicate that tyo distinct levels of
concept move Interaction were implemented.

Data Analysis

The null hypotheses were tested using univariate analysis of
variance (ANOVA) procedures. A three-way analysis of variance procedure
was used on the posttest and retention test meaaures to test the equality
of means across each of the variables~-frequency of concept moves,
concept move Interaction, and student abiiities. The three-way ANOVA
also permitted the three two~factor interactions and one three-factor
interacecion to be tested for significance. A three-factor experimental
design with each factor fixed is referred to as a Model 1 design {(Winer,
1962, p. 172).
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Table 4

Distributions of Observed and Planned Concept Moves

Concepts Function Inverse Function Constant Function
Ingtructional
Strategy? Obsgerved Planned Observed Planncd Ohserved Planned
HHl 87 90 23 29 13 12
bk H, 87 90 26 29 10 12
o
%) HL, 86 90 26 29 11 12
HL, 87 80 24 29 11 12
. 1
1 45 45 11 13 6 7 g
LA, 41 43 11 13 5 7
L, 45 45 i 13 6 ?
LL, 44 43 11 13 6 7

a
Each instructional strategy was implemented twices so HH, indicates the frequency of muves
observed in the first implementation and HHZ the frequenc} observed in fhe second lmplementation.




Table S5 .

Observed and Planned Concept Move Interactions

Interaction
Categoriles 0 1 . 2
Instructional
Categories Observed Planned Observed. Planned Observed Planned
Hﬂl 31 N<36 20 N<1Il 72 N=>74
Hﬂz 21 N <36 26 N <1l 76 N> 74
lll..1 97 N2=>T74 15 N <1l % N 236
g HLz 94 N 274 5 N <1l 8 N £36
N Ly 13 N<14 10 N1l 38 N>36
I.Hz % EZla 10 N<1l 34 N?Z36
I.I.1 46 N2z36 6 N <1l 10 NZ1l4
I.I.2 39 N 236 8 N<ll 4 N<l4
O
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Results

Analysis of Varliance Related ro the Posttest

The ANOVA using the total posttest measure as the dependent variable
is displayed in Table 6. None of the F ratios for the two-factor treat—
ment interactions or the one three—factor treatment interaction reached
significance at the .05 level. A significant F ratio was obtained on each
of the three main effects--frequency of cancept moves, concept move inter-
action, and student abilities. The pean on the posttest for students
experiencing the high frequency of concept moves was 35.5 (total passible
was 68) compared po a mean of 32.4 for the students experiencing the low
Erequency of concept moves. A similar romparison for the two means of
students experlencing the high and low levels of concept move Interaction
resulted in 35.9 and 31.9 respectively. Thus, the higher frequency of
concept moves and the higher level of concept move interaction each facili-
tated scudent achiavemene or the total posttest administered the day
following the completion of the instructional stracegies.

Table 6
ANOVA Using the Total Posttest

Measure as the Dependent Yariable

Source df Mean Square F

{(A) Frequencles of

Concept Moves 1 186.834 4,229%
{B)} Levels of Concept
Move Interaction 1 311.911 7.051%
{C} Levels of Student
Abillities 1 608.700 13.760%
AxB 1 037 .007
AxC 1 117.085 2.647
Bx¢C 1 30,354 1.138
AxBxC 1 1.959 .004
Error 69 . 44,238

*p <.05, F(1,69) = 3.98
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The same analysia of variance procedures were used with each of
the four cognitive sgbtests of the posttest as the dependent variable.
The four ANOVAs for testing hypotheses 8-35 are summarized in Table 7.
Significant main effects wers recorded on the comprehensiou subrest
but not on any other cognitive subtests, This finding may be attributed
to the content information contalned in the instructional strategies.
Many of the concept moves were directed toward identifying examples and
nonexamples of functions. Also., many of the items on the comprehension
subtest required students to identify specific pairings as functions or
nonfunctions., Hence, the instraction seemed more closely related to
these items than any other subtest. Certainly this result supports the
research hypotheses that more rontent information or more concept move
interaction will increase srudent achievement,

4 significant interaction was recorded in Table 7 on the application
subtest between levels pf concept move interaccion and student ability
levels, 1The B x C interaction is presented iln Table 8 to demonstrate the
interaction effect of student ability levels across the two levels of
concept move interaction. An examivation of the means in Table B indicated
that the high level of concept move interaction facilitated student achieve-
ment for the high ability students but not for the low ability students,

Test items related to the composition of Functions were included in
the posttest sven though the jostructicnal strategies did not contain
any information related to this topic. The students' performance on the
composition of functions subtest cap be interpreted ss a measure of trans-
fer. Table © contains the ANOVA using the composition of functioons
subtest as the dependent variable. A significant F ratio obtained in the
analysis of the composition of functions subtest was atrributed to the
two levels of concept move interactions. Io terms of an immediate trans-—
fer measure, the performance of students was facilitated by the higher
level of concept move interactions on related concepts.
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Table 7
Summary of ANOVAs Using the Cognitive Subtests

as the Dependent Variable

Subtest Knowledge Comprehension Application ., Analysis

Source daf Mean Square F  Mean Square F  Mean Square F  Mean Square ¥
(A} Frequencies

of Concept

Moves 1 . 007 006 94,341 9,839% 24.904 2,291 5.461 1.031

() Levels of
Concept Move
Interaction

{c) Levels of
Students
Abilities

AxB

AxC

BxC

AxBxcC

Error

1

1
1
69

~00T-

2.945 2.2B5 55.126 5.749% 27.393 2.520 4,281 - 808

1.337 1.037 91.525 9.546% 151.725 13.961% 171 .032
1.121 .B70Q 10.641 1.110 .811 .075 .237 045
1.021 . 792 21.B45 2.278 15.170 1.39% 4.1B1 .789

.033 .026 10,961 1.143 46.459  4.275% 2,660 .502
. 705 .547 .171 .018 2.278 .021 1.602 .302

1.28% 9.958 10.868 5.300

*p <.05, ¥{1,69) = 3.98
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Table 8
B x C Interaction Table for the Application

Subtest of the Pesttest

c c

2 1
52 14.5 10.0
Bl 12.2 10.9

Note., By and 82 represent the low and high

levels of conecept move interaction, respeetively.

C, and C, represent ability levels I and 1I,
respectively.

Table 9
AfOVA Using Composition of Functions

Subtest as the Dependent Varioble

Source dE Mean Square F
(A} Frequencies of
Conecept Moves 1 2.347 .99
(B} Levels of Councept
Move Interaction 1 10.125 4.289*
(€} Levels of Student
Abllities 1 6.125 2.594
AxB 1 L125 L0513
AXxXC 1 7.014 2.972
BxC 1 6.125 2.595
AxBxC 1 . 014 . 006
Errrr 64 2.361

*p< .05, F(I1,64) = 4.00
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Analysis of Varlance Related to the Retention TeSt

The dependent variables for the ANOVAs testing hypotheses 36-70 were
the total retention test meagsure and each of the four cognitive subtests
of the retention test. The ANOVA using the total rerention test meaSure
as the dependent variable and testing hypotheses 36-4. is presented in
Table 10. The only F ratio to reach significance was thar of the classi-
ficational variable-—ztudent ability levels, Approaching the critical
F value of 3,98 was the three—factor treatment interacetion with an F rvatio
of 3.89,

Table 10
ANOVA Using the Tota! Retention Test

Measure as the Criterion

Souice df Mean Square F

{A) Frequencies of

Concept Moves 1 131,546 2,492
{B) Levels of Concept
Move Interaction 1 119.469 . 2,263
{C) Levels.of Student
Abilities 1 552,361 - 10.462%
AxB 1 42.177 .799
AxC 1 96.0%6 1,820
BxC 1 778 .015
AxBxC 1 203.3%41 3.893
Error 70 52.795

*p <,05, F(1,70} = 3,98
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The Faur cognitive subtest measures of the retention test were each
used as a dependent varlable in analyses of variance. These four ANOVAs
are displayed in Table 11. Four significent ¥ ratios were recorded in the
comprehension subtest ANOVA results--the three main effects and a two-
factor inzeraction between frequencies of concept moves and student ability
leyels, The three-factor interaction effect wsing the application sub-
test and the knowledge subtest as the dependent variables reached signi-
ficance.’ Another three-factor interaction effect approaching significance
was recorded on the total retention measure. The only other significant
F ratio in the four ANOVAs was produced by the student ability levels
on the analysis gubtest. Another main effect nearing significance on the
application subrest was dpe to the levels of concept move interaction.

The three-factor interaction {A x B x €} results for the knowledge
and application subtests are given in Table 12. A comparison of the
effects due to the two experimental vavisbles across the two ability
levels is permitted using the data presented in this table.

A surprising result on both the knowledge and application subtests
was found iu a comparison of the student abiljty proup means within the
low frequency of concept moves strategy--the A1B2 and AjBy cells of
Table 12. Tt was surprising that there was no difference between the
two ability groups {Ci and Cp) when experieacing the low frequency of
concept moves combined with a high level of concept move interaction.
However, the largest difference between the two ability groupz also
vecurred in the strategy contalining 2 low frequency of concept moves~-—
the LL instructlional strategy, cell A;Bj. WNot surprising was <he con-
sistency across both tables of the highest and lowest means beiung
recorded in the A2B2Co and the A1B)C] cells respectively of both tables.
In other words the presence of both factors, the HH srrategy, was more
facilitative in promoting student achievement than the absence of both
factors, the LL strategy. Ancother pattern is revealad by a comparison
of the means across the two student abilicy levels in the ApBj1 and AjB3
cells of both subtaests., That is, the presence of just one main effect
(42 or B2) seems to be associated with iittle difference between the
achievement of the two ability groups.

The two-factor interaction & x C effect for the comprehension sub-
test displayed in Table 13 is of interest due to the significant F ratios
obtained on the main effects. A comparison of the means for the high
abilicy level students reveals little difference between the means for the
high and low frequencies of concept moves. However, a sizeable difference
occurs for the lower 'abilicy students between the high and low frequencies
of concept moves. Thus, the additional content infermation had more Impact
on the achievement of low ability students than ou the achievement of the
high ability students. One could hypothesize that additional content
information beyond a certain point may not be increasingly facilitative for
students., However, as the data in Table 13 inditate, this peoint of diminishing

. returns will be different for different ability levels.

Sinte the retention test was a paraliel form of the posttest, it also
contalned the composition of Furnctions subtest. Applying analysis of
varlance procedures to the composition of functions subtest revealed
no significant F ratios. Thus, the Facilitative transfer effect due to
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Table 11
Summary of ANOVAs Using the Cognitive Level

Subtests as the Dependent Variables

Subtese Knowledge Comprehension Applicacion Analysis
Source af Mean Square F Mean Square F Mean Square ¥ Mean Square F
- (A) Frequencies of .
— Concept Moves 1 1.951 1.596 63.634  5.937% 15.472 1.397 3.378 .941
i
(B) Levels of Concept 'é
Move Interaction =~ 1 .086 071 45.917 4.284% 40.133 3.624 6.127 1.707 1
{e¢) Levels of Student
Abilities 1 8.649 7.072% 101.701 9.489% 37.388 3.376 19.029 5.300%
AxB 1 135 .111 674 .063 26.361 2.380 3.289 .916
AxC 1 .005 . 004 47.593 4.441% .890 .080 4.138 1.152
BxC .021 .018 . 715 063 .391 .035 .265 074
AxBxC 1 5.195 4.248* 11.191 1.044 59.028 5, 330% 1.059 .295
Error : 70 1.223 10.717 11.074 3.5%90

- *p < .05, F(1,70) = 3.98 ' :
Q =" '
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Table 12
A x B x C Interaction Tables for the Knowledge Subtest
and Application Subtest of the Retention Test
Knowledge Subrese (6 ltems) Applization Subtest {22 irems)
B, B 32 Bl
C2 3.7 3.2 C2 _j& [ 12.4
& A . !
' =
ok C1 3.2 3.0 C1 11.5 13.1 5
— :
L ) c, 2.9 3.3 c, 13.3 12.3
A - A
1 1
C1 2.9 2.1 c, 13,2 9.1
Note. Al and AZ represent the low and high frequencies of concept moves, respectively.
Bl and B2 represent the low and high levels of concept move interaction, respeccively.
C1 and 02 represent ability levels T and II, respectively.
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the levels of concept move interactions found on the posttest was not
present one month later.
Table 13
A x C Interaction Table for the Comprehension

Subtest of the Retention Test

2 1
A2 12.8 12.0
Al 12.5 8.7

Note. and A represent the low and high
frequenc}es of concept moves, respectively.
C, and C, represent ability lewvels T and II,
reéspectively.

Discussion

Conclusions Related to the Frequencies of Concept Moves

The posttest data indicated that the students receiving a high fre-
quency concept meve strategy achieved significantly more than did the
students teceiving a low frequency concept move strategy. This finding
supports our intuitive notion that there is a direct relationship between
the amount of content information presented and the subsequent student
learning. Somewhat disappointing was that the facilitative effect was
not significant in the retention test results. An interesting question
is suggested by the nature of mathematics and the results reported above
--that is, in mathematics the content is sequential so if the two fre-
quencies of concept moves were continued over a long period ¢f time would
there be a widening between the means of the two groups?

The posttest and retention test were partitioned into four cognitive
level subtests--knowledge, comprehension, application, and analysis. A

gignificant effect due to the frequency of concept moves was recorded on
only one subtest of the posttest-—the comprehengion subtest., This finding
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indicates that ndditional content information in the form of concepr moves
improved students' understanding of the content contained in thé instruc~
tional strategy. While a significant effect was also attributed to fre-
quency of concept moves on the comprehensicen subtest of the retention test,
there was a significant interaction between the frequency of concept moves
and student ability levels that complicated conclusions based on this sig-
nificant main effect. The interaction table for the frequency of concept
moves x ability levels indicated that the high frequency of concept moves
caused a substantial difference in student achievement for the abilicy
level T students {lower ability students)} but lictle difference in the
achievement of the ability level TI students. An examination of the

group means of the low ability students indicated chat the high frequency
of ¢oncepr moves facilitated the retention of content more than the low
frequency of concept moves. The Facilitative effect due to the high
fiequency of concept moves on the cemprehension measure was not present
in a comparison of the means of the high and low frequency concept move
strategies using ability level IT scudents. Thus, it appears that the
high frequency of conc2pt moves was more effective in the retention of
content for the ability level 1 students than {or che ability level TI
students. '

Conclusions Related to the Levels of Concept Move Interaction

On the posttest the mean performance of the high level concept
move intervaction group was significantly greater than that of the low
level concept move intevaction group. This result confirms the belief
heid by many teachers and educators chat student achievement is enhanced
by student participarion. However, the facllicative effect due to the
high level concept move interaction Strategy was not present 1n the
total retention LesSt results.,

The comprehension subtest produced the only contrast of group means
that was statistically significant on the cognitive level subtests of
the posttest., One month lLater, on the retention test, the facilitative
effects due to the high concept move interaction strategy was scill signi-
ficant on the comprehensiocn subtest., Significant differences occurring
on the comprehension subtest of the posttest and the retention test
suggests that understanding and retention was greater for the students
receiving the high level concept move interaction strategy than for the
students tveceiving the low level concept move interacticn stracegy.

A significant interaction between the levels of concept move incer~
action and student abillicy levels occurred in the-applications subtest of
the posctest. The high level of concept move interaction facilitaced
achievement on the application subtest For the abilicy level II students,
but for the ability level I students there was little difference in
achievement on the application between the two concept move Interaction
groups. One explanation why the high level of concept move inceraction
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improved achievement for ability level II students but not for the abilicy
ievel T students depends on the student reactions to verbal participa-
tion. That is, the ability level I students may view the verbal inter-

-actions as "“threatening" and become anxious about verbally participating;

and thls interferes with the learning process. The ability level II
students were pot anxious about the verbal interactions and were able
to profit more from the teacher-pupil wverbal interactions.

A significant three~factor intcraction occurred on the knowledge
and application gubteses Of the retention test. 1In baoth cases, the
greatest mean performance was by the ability level TL group receiving
the high frequency of concept moves strategy and the high level of con~-
cept move verbal interaction. A consistent finding for both subtests was
that the lowest mean performance was by those ability level T students
who participated in the low frequency of concept moves and low concept
move interaction Strategy.

An interesting result is found in both interaction tables when the
twa ability level group means are caompared across the four cells where
either the high freguency of concept moves strategy or the high level
of concept move interaction strategy (HL and LH), but not both, was
employed. There Seems to be no difference between the ability level
I and II groups when experiencing either the high frequency of concept
soves or the high level of concept move inteyaction. Disregarding
the two ability levels, there seems to be little difference between che
achievement of the HL and LH groups--that is, the high frequency of
concept moves combined with the low level of concept move interactions
(HL) and the low frequency of concept moves combined with the high
level of concept move interaction (LH). One consistent and not un-
expected finding in the knowledge and application interaction tables was
that the HH strategy facilitated student achievement more than the LL
strategy.

Implications for the Classroom

The final objective of research dealing with teaching strategies
is to construct a theory which will guide the classroom teachex's
behavior. The present study was an experiment to demonstrate that the
amount of content informarion is under the teacher's contred and is a
significant factor affecting student achievement. However, a statistical
significance does not automatically insure an educational significance.
A comparison of the means of the high and low frequency concept move
aroups reveals a difference of 5% which is of questionable educational
significance. lowever. a comparison of the same means for the compre-
hension subtest of the posttest and retention test indicates differences
of 10% and 8% respectively. Certainly as the differences between teach-
ing strategies approach 10% or higher, thev become educationally signifi~
ennt. An examination of the interaction tables for the application and
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knowledge subtests of the retention test revealed differences in means
between the HH and LL groups of 10% and 26% , respectlivelY. Thus, in this
iimited examPle the HH strategy was educaticnally significant.

It 1s improper, from the results obtained in this investigation. to
make an overall generalizaiton concerning the effects of a relatively
high amount of teacher~pupil verbal interaction on student athievement.
Certainly when significant differences due.to the teacher-pupil interaction
vccurred, they favored the high level of concept move interactions. But
an inspection of the significant treatment interaction tables revealed
that this findiog was not consistent across both ability levels and cotcept
move levels. Thus, as a theory of instruction is established, [t may pre-
scribe different amounts ©of teacher=-pupil verbal interaction for students
of differing abllities.

A great deal of research has been directed towards comparing two
extremes of pupil participation in the classrom dialogue. Howevers the
resutrs of this research are not conclusive~-that is, ir has not been
clearly demonstrated that one extreme of teacher-pupil intersction is
any better than the other eXtreme. Research has attempted to justify
the use of more teacher=-pupil verbal interaction on rhe basis of in-
creasing student achlevement, but the contradictory findings in the
reseatch literature do not permit this generalization. Perhaps the
jusrification for more teacher=-pupil verbal interaction will be based on
something besides student performance on an achievement test.

Recommendations For Further Research

The literature is replete with statements confirming the non-
exlstence of a theory of instruction (Begle, 1973; Dodes. 19533 Gage,
1963}. Although these statements, spanning the last two decades, indi-
cate that the desired goal has not been attained, there has been progress.
One area of progress has been cotcerned with the observation, recording,
and/or describing of teachers’ behavior in the classroom (Fey, 1969).

Barr (1961) observed that there has been a shifting of emphasis from
quallties of teachers to behaviors of teachers. The shift of emphasis

was Ilmportant because it is only through the use of reliable observational
schemes that the behaviors of teachers can be manipulated and stodied with
controls similar to what might be expected in a laboratory setting.
Hillway (1269} writes that the classroom may be made into a '"de facto
laboratory"” if there are controls placed on the basic factors under con-
sideration. Rosenshine and Furst (1973) echo the call for more research
in classroom settings where the teaching act is monirored to insure
fidelity to the treatment under investigation.

A desirable cutgrowth of the proliferation of schemes for observing
and describing the behavior of teachers is the increased variety of

116

ERIC

Aruitoxt provided by Eic:




=110~

coustructs to describe a'd monitor a teaching strategy. An analogy will
demonstrate how a variety of constructs can be useful in research con-
cerned with teaching scvategies. In order to evaluate the effect of some
trejtment on students’ hehavior, a variety of measures can be taken to
pinpoint the treatment effects. Some measures used in the past are
different cognitive levels, attitudinal changes, transfer measures, and
retention measures. In fact, Wilson (1971} stated that using just one
measure may lead o Incorrect conclusions. Applying a similar logic

to the descriptions and monitoring of teaching strategies would suggest
the use of a variety of different constructs. Two advantapges that may
be realized from using a variety of constructs are {a) more precise
defining of teaching strategies and (b) more detailed monitoring of the
teaching strategy. Realization of these advantages would in turn enable
researchers to replicate teaching strategies and also compare results
between separate studies. Some of the constructs for deseribing and/or
monitoring of teaching strategies will be discussed in the following
patagraphs.

A taxonomy of moves for the teachliag of concepts was developed by
Hendersen (1967). These concept moves have been used as the basis for
defining teaching strategies as a sequencde of concept moves--usually
presented to students in a programmed format. Most of these programmed
teaching strategies have investigated the relative efficacy of different
sequences of concept moves. However, another use of concept moves is
to quantify the amount of content information {(e.g., the number of con-
cept moves) in a teaching strategy. Certainly in a programmed format
the number and sequence of concept moves are easy to obtain; however,
through the use of tape reccrders, this same information can be obtained
from the classroom discourse. In addition to comparing teaching strategies
in terms of the number or the sequence of concept moves, another comparison
of teaching strategies is permitted by considering the variety of con-
cept moves they contain. Perhaps the "richness,” t.e., variety of moves
of a teaching strategy, s a significant factor affecting students'
understanding. Suppose that of two teachers, A and B, teacher A con-
sistently uses a greater variety of concept moves than teacher B. Weould
this finding imply (a} that teacher A was more creative oy (b) that
teacher A possesses more kpowledge on the content under cousideration,
or (c) someching else altogether?

Using the notion of concept moves as a unit of {inforwation, it is
possible to describe the amount and sequence of information in a teaching
strategy. Another use of the concept move might involve a time element,
in other words, the "pacing’” of content could be described by the
frequency of concept moves over a peried of time. One could then ask
twoe questions: How should the pacing change for different ability levels?
How should the pacing change for different types of concepts?

Teaching strategies deflned in terms of concepr moves and implemented
in a near natural classroom setbing are important for two reasons.
Ficst, mathematics teachers spend a great deal of time engaged in the

O
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teaching of concepts. Second, the research literature teveals that there
is a paucity of gstudies investigating how the cognitive aspects of zhe
classroom dlalogue are related to student learning. Some examples of

the constructs availsble for investigating the cognitive aspects af
teaching strategies are:

(a) ventures, episodes, and menoleogues (Smith et al., 1967);

(b) deductive, inductive, classifying, and analyzing
categories (Cooney & Henderson, 1972); and

{c) substantive-logical meaning processes {Bellack, Kliebard,
Hyman, § Smith 1766).

Another consideration in the description of a teaching strategy is
related to the type of content contained in the strategy. Cooney, Davis,
and Henderson (1975) describe three t-pes of knowladge, concepts, gen-
eralizations, and skills, each of which may be ysed as the focus of a
teaching strategy. Cooney et al. have developed a taxonomy of mowves for
the teaching of generalizations. They alsc discuss how the generalization
muyes can be used to differentiate between a guided discovery strategy
and an expository strategy. In addition to studying teaching strategies
where the number or sequence of moves for the teaching of generalizations
is manipulated, it may prove fruicful to investigate combinations of
generalization moves and concept moves. Concepts form a necessary part
of generalizations, vet the study of teaching strategies containing both
types of moves represents an unexplored approach.

It would be interesting to compare the relative importance that
teachers place on teaching each of these types of knowledge. All three
types--concepts, generalizations, and skills--are important. Teaching
srrategles with different objectives (e.g., attainmeut of concepts,
applicarion of generalizations, or improvement of skills) must be
defined and investipated tp determine how a teacher should behave
relative to each type of objective.
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Design Problems in Research
on Teaching Strategies
in
Mathematics
Richard L. Turner
indiana University
This paper focuses on two sets of design problems in research eon

teaching strategies in mathematics, grades 1-12. The first set invelves
the definition and organization of domains of variables believed to be
relevant to mathematice instruction, so that samples cof variables drawn
from these domains yield as much information as possible about them. The
second set of problems inveolves the practical matter of relating multiple

classes of varfables to each cother in such a way that reasonable inferences
about their relaticnships can be drawn.

Relative toc these peints, a critical consideration is that the
various investigatlons conducted in this research domain yield evidence
which may be systematically incorporated into arguments about the true
relationships in ir. For example, the central claim inherent in the
taxonomical work on teaching by Smith, Meux, Coombs, Nuthall, and Precians
(1967), Henderson (1972}, and Cooney (1974), is cthat the "moves" nade by
teachers, and the order of these moves ("strategies"), will ultimately
be found to have a significant bearing on the acquisition of mathematics
concepts, principles, and skills among students. No single plece of
research, experimental or otherwise, will prove or disprove the arguments
surrounding this claim. A set of properly cenceived investigations should,
however, yield evidence thac the claim is or is not empirically valid.

It it is not valid, this evidence should Suggest alternative arguments
which seem best to account For the relationships found in the domain. The
polnt to be made 1s that the results of individual research projects
focused on teaching strategies are not ends in themselves. Rather the
projects are used to support arguments about the true composition of the
domain, and through these arguments they actair a penerality far beyond
that attainabie within any individual investigation.

Defining and Sampling the Relevant Domains

The first step in a properly conceived research design is to
identifFY the domains of variables to be covered in the design. There
are four such domains in research on teaching strategles in mathematics.
The first i8 the Substantive domain of machematics as taught Iin elementary
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and secondaty school. According to Hendetron. this domain may be divided
into sets to include concePts. principles, and skills. The sers may he
[urther divided into subsets or classes. The second domain is comprised

of teacher actions and interactions believed to be relevant to the
acquisition by students of the substance of the first domain. The rele-
vant domain of teacher action has two sets in it: “moves™ and “strategies”
(combinations of moves). RLach of these sets. according to soth Smith

et a1, {1967) and Henderson (1972)., may be further subdlvided. The third
relevant domain is comprised of student attributes which, in addition to

the actions of phe teacher. ate believed to be correlated with the acquisi-
{ion of mathematies concepts, principles, and skills. Thare are numcrous
classes of studene attributes., but not all are egually salient in the
aguisition of mathematics content. The fourth relevant domain is com-
prised of those performances by students which are taken as indicators

that particular concepts, principles, or skills in mathemactics have been
aequired. As in the other domninss the set of 5311 indicators of mathema~
tics attainment ecan be divided into subsets, with each tesulting ger theore-
tically pointing to different |evels of and/or different types of mathematics
attainment.

fn addition to the four domains of variables noted above., a fLEth
domain which may be labeled "setting variables" wmay be aglso recognized
as generally pertinent to research on teaching. This domain is interpreted
here to include the type of schoel organization and "climaete" in which a
person teaches, the attitudes of the community toward schooling. the types
of materials provided for instruction, and the like. For present purposes
the variables In this domain will be treated as "givens" and will be ctaken
into account only in a very general way (for example. in extracting between~
school or between-district variance in the cvent a Particular investigation
is subject te error through the intrusion of variables from this “setting"
domain}.

As noted above, each of the domains 1s composed of subsets OT classes
of variables. For example. mathematics concCeptS and skills are viewed as
different classes of variables, and so are moves and strategies, even
though strategies are comprised of comblnatlons of moves. More generally,
if one conceptualized the domains as dimensiens, cach dimensien may be
further tonceptualized ag having an array of classes aleng it. There are
thus [our arrays of classes of variables. Within each dimension, the
ciasses of variables hold either analytic (or definitional) relationships,
or else empirleal correlative relationships, te each other. The relation-
ships betwgen dimensions, on the other liand, are all ordered conditional
ones. These relationships may be expressed in general hypothetical ferm
as follows: I[ student attribute A is divided into levels Lils...sLlps and
if concept € is to be taught {is the teachable object), cheu teaching
strategies 5), 53, 53 will produce student outtomes 0, such that for all
iEdicahors af Os 11s Ine... Xy, 8702850 8.0, for all levels Ly, La.....Lg
of A.

ERIC 122

Aruitoxt provided by Eic:




-117-

Buried within this generalized proposition are two imporcant tasks
to be performed by researchers who wish to make empirical tests of the
propositier cast in specific forwm, i.e., when actual variables are sub~
stituted for the general rerms. Tihe first of these tasks is to attempt
to rePresent in each specific term chosen as many elements of the class
toe which it belongs as passible. Thus, each specific variable or element
selected may be viewed as a saaple of a class or set to which generali-
zation might be made. The se:end vask is to increase the potential pre-
ctigion of the experiment, quasi-exp>riment, or survey ro the greatest
degree. The reason for attending to precision is that the power of a
giecific reaching move or stratesy is naver certain. One thus wishes to
cpiimize, inscefar as he can, the chance: that the true results will appear
by systematicaliy taking out known sources of variation in the outcomes
sought. The importance of these two tasks varies yith each of the four
domains under consideration, thus each task needs to be gxamined rela-
tive to each domain.

Domein 1. Mathematics Concepts, Principless and Skills

A major portion of the work done by Henderson {1970, 1%72) and
presented by Cooney {1974) has been to develoP a taxonomy of teachable
objects in mathematics. The structure and components of this taxonomy
are summarized in Figure 1 and some s¥mbols added to them.

As may be noted jn Figure L, each class of the taxonomy has many
elements in ir, For example, the class of denotative concrete singular
concepts {Dcs) has in it all such concepts it mathematics grades 1-12,
or Dcs_ concepts, where N must be a very large number. The zame wust be
true of the other classes in the taxonomy, excluding nondenotative con-
cepts (v D}, which is regarded as mathematically uninteresting.

From the viewpoint of the researcher, the existence of large classes
of teachable objects of unknown hetercgensity poses a substancial problem.
To aveoid conducting an indefinite number of experiments involving every
conceivable teachable object, he must select for each experiment rhose
teachable objects from which generalization can be made to the members of
the homogeneous class to which the object chosen belongs. The problem jis
o increase the probability that che c¢lasses of teachable objects are
homogeneous before conducting the experiment. The Henderson taxonomy does
not address this problem, but it should nonetheless be dealt with te enable
systematic research to occur in this fietd. Following are some steps thac
might be raken to resolve this problen.

First., beginning with the classes already existing in the Henderson
taxonomy, each class should be stratified according to the general grade
level {ar developmentai level in mathematics) at which each particular
concept, principle, or skill is typically taught. Thus, the singular
concrete denntative corcepts in class Dos would be ordered to perhaps six
strata or levcls. Second, within each stracum, the concepts, principles,
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or skills should be redivided according to how easy or difffcult rthey are
for students to learn (i.e.. for teachers to teach successfully). The
reasons for taking these steps are: First, mathematics content is already
graded so tha: an ordered series of concepts, principles, and skills

appear in it, and any experiment is almost certain to be done wichin =z
particular level of this series. Second, the ease-difficulty of a teach-
able object is correlated (but imperfectly so) to its placement in the
series. Third, separating teachable objects according to ease-~difficolcy
makes possible the selection of the wmore difficult objects for the experi-
ment to be conducted. Selecting difficult concepts, principles, or

skills is desirable because "easy" ones are by definition those that can

be learned about equally well under any teaching strategy. Thus, the power
or superiority of cne strategy versus another would nor be expected to
appear unless "difficulr learanings"” are involved in the eXperiment.
Alchough these First two steps seem formidable, the in.orpation on which
they are based should already be avajlable in the literature ©f mathematics
education and should be easy to retrieve.

A third step in creating more homogenecus classes of teachable objects
seens more difficult than the other two. It requires the identification
of substantively related famjlies of concepts, principles, or skills across
the series of strata developed in mathematics content in step 1. These
families, for example, might be comprised of concepts with common elements
such as common fractions, proportiocns, decimals, and percents. 1IF such
families do exist extensively in mathematics, fdentification of them and
stratification according to them is important insofar as one would eXpect
teaching strategies successful in atraining superior outcomes in one
branch of the family rto have better than random probability of generalizing
to other branches of the family.

[f the three steps described above were rwo be raken in the domain of
teachable ohjects, the result would be a ser of sampling frames within
each subdomain of conecepts, principles, and skills. For example, in
the domain of concepts, and in the set ¢f denotative concepts, a minimum

of 12 sampling frames might be foreseen: six strata or developmental levels

of concepts and within each., two levels easy and difficult, Finally,. 4an
additional stratification by families of substantively related concepts
might be possible. 1t seems likely, however, thar stratification by

thase families is not perfecrly replicated or balanced across all che
twelve frames, so that some imbalance would result, i.e., not all families
can be represented in ail frames.

Once these Frames are developed, the stage is set for sampling Erom

them. The exact method of drawing the sample is, however, a practical
matter of research design and Is discussed in Section II.

Domain 2. Student Attributes

The reasons for attending to student attributes in research designs
tnvolving teaching strategies are quite different than those for develop-
ing sampling frames and more homogeneous classes in the universe of
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teachable objects in mathematics. Student attributes are emplayed. on
the cne hand, to increase the statistical precision of the design, and

on the other, to provide the possibilicy of obtainiung greater information
about the effects of particular teaching strategies on different tyPes

of students. Increases in the precision o{ designs come about by extrac-
ting from the variance of the indicators (I,, T ,...,In) of the student
learning outcomes those portions which are attributable to the antece-
dently measured attributes of the students. This helps to minimize the
residual or error variance. By minimizing the error variance, the pro-
bahility of showing effects for teaching strategies may be increased.

A general desifn strategy which seeks to increase precision also may
be employed frequentrly to increase the amount of information extracted
From the research, dependirg on the specific design used. Ir designs
employing analysis of covariance, randemized blocks (matched-randomized),
or residual gains analysis, the variance attributable to the antecendently
measured student attribute{s) is usually discarded as uninteresting, i.e.,
ne specific information is extracted from it. In stratified designs, on
the othexr herl, about the same level ¢f precision can be attained, but
the otherwise discarded variance can be assigned to levels of a student
antecedent attribute (L., L,,...,L. of A), so that effects of the
various teaching strategies on dif?erent types of levels of students may
be extracted from the design. Thus, che information available from the
design is potentially increased.

The practical problem confronted by the researcher i8 not simply
which type of design to use, but more importantly, which student
attribute{s) to assess as the antecedent. In research ¢n teaching

- strategies, one important criterion to use in the selection of this

attribute ig that measures of it be readily available. Tf they are not,
and different levels of the attribute are subsequently shown to rtelate

to different types of teaching strategies, teachers will be unable to act
on this information since they will be unable to stratify their students
and differentiate strategies for students in these strata. A second
important criterion for attribute selection is the expected correlation
between the antecedent measures and the learning outcome measures. If
this correlation is low, little gain in precision will occur, snd, unless
there are interaction effects between the levels of the antecedent
measures and the outcome measures, little will be gained from introducing
the attribute inteo the design.

The student attributes which best fit these criteria are, theoreti-
cally, specific aptitudes for learning mathematlics in its various branches.
Quantitative estimates or measures of these aptitudes can be generated
either on the basis of the Past performance of the student in that branch
{e.g., arithmetic, algebra, geometty) or by a test which covers con-
cePts, principles, or skills which the student would be expected to have
learned. The notion that other attributes of students such as attitudes
toward mathematics or persomality charactevistics should be employed in
reseatch designs invelving teaching strategies is probably unsound. The
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influence of sych variables on mathematics learning is not well estab-
lished. Moreover, any significant influence from these sources would
be incorporacted into the variance of aptitudinal measures since the
latter would reflect any set of attributes consistently correlated with
previous attainment in mathematics.

Domain 3. Teaching Moves and Strategies

This domain confronts the researcher with a critical chelice at the
very outset. This choice is between doing experiments which test, as
the experimental treatments, selected teaching straregies versus teach-
ing preservice or inservice teachers the relevant array of moves for each
type of teachable object, then letting them develop the teaching strate-
pies as they see fit, Up to this writing, the experiments conducted have
chosen the first of the two alternatives. A good case can be made, how-
ever rhat this alternative has distinct difficulties associated with it.

First, a strategy is a combination of moves. £o say that it is
a "temporal sequence of moves' does not add information since two or more
- moves cannot occur simultanecusly. Viewed as a combination of moves, it
is inruitively clear that there are in excess of n factorlal strategies
available for each set of n relevant moves, since a move may be repeated
in a strategy. For example, there are six ralevant moves available for
teaching dencotative concepts. Since twe or more moves must occur in
sequence for a strategy to occur, and since each strategy has a fixed
order of moves, there are at least 6! strategies for teaching denotative
concepts. Since moves can be repeated, there are of course a great many
more than 6! stratepies possible. Given the Ffact that different sets of
moves are avallable For teaching concepts, principles, and skills, it is
quite clear that the number of strategies that might be experimented with
is very greae.

The difficulty confronted by the researcher is, of course, to select
Erom among the possible strategies that one or that set with which he
wishes to experiment. Hypothetically, the researcher needs both to select
the most powerful strategy for teaching a given concept and to be able to
generalize from the strategy he has chosen to some subset of similar
strategies. The procedures he is ro use to make these choices, other
than trial and error, are not at present altogether clear. In existing
research. the choices appear to be made intuitively and lefr unexplained.

A second difficulty with a research appreoach which tests the efficacy
af particular strategies lics in the utility of the cutcomes for teachers.
To see rhis difficulty one must first hold in mind that there is an n-
dimensional matrix of teaching strategies for concepts, principles, and
skills. end thete is also an n-dimensional matrix of teachable objects.
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If different stracegies are needed to teach the different classes of
teachable objetts (the subclasses of concepts, principles, and skills},
the total number of strategies & teacher would need to learn and be able
to use would create a skill acquisition and memory load of immense
magnitude -- one probably impossible to deal wich.

Although these difficuylties are perhaps not insurmountable, they do
sugpest that an alternative kind of research on teaching moves and strate-
gles might be undertaken. In simplest terms, the alternative research
strategy is to train teachers to become skillful in making specific
teaching moves and to familiarize them with the concept of teaching stra-
tegies, but not to actempt to train them on specific strategies. Rather,
each teacher would be lzfr to generate strategies situationally. Aside
from the Fact that this approach reduces the memory load for the teacher,
an important reason for considering it lies in the distinct possibility
that the course of moves in a strategy actually depends on the feedback
the teacher is receiviag Efrom students. Indeed, the eriginal work by
Smith et al. (1967} and Smith and Meux {1970) derives teaching moves as
monadic units of teacher behavior cut of dyadic (or interdependent,
response-contingent) teacher-pupll classroom behavior. In this work, a
strategy was a serles of maneuvers on the part of a teacher toward a
particular teaching goal. These paneuvers were not completely indepen-
dent of what the participating students did. Rather, the course of the
moves depended to some degree, but not entirely, on how one or meore
students responded to each successive move.

If the notion that student response following s move is incorporated
as a necessary attribute into the concept of teaching strategies, the
definition of the latter changes snd bacomes dyadic as follows:

A teaching strategy is a combinstlon of moves the eXact
coyrse of which depends on the response of the student(s)
following each move which solicits a response from students.
(dyadic definition)

This is in contrast to:
A& teaching strategy is a combination of moves. (monadic definition)

The difference between these two definitions from the researcher's
viewpoint is that the monadic definition points the stream of research
toward programmed instruction or "progrsmmed teachers' in which the
order of moves in a strategy is fixed. It is notsble that Nuthall's
dissertation (1967), the first empirical research in this area. used
programmed materials as the treatments and apparently greatly influenced
the course of subsequent research. The alternative stream of research,
that based on the dyadic definition of a strategy was, however, never
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developed, or if developed, never published. The writer suggests that
it be developed as the alternative main stream of rasearch on teaching
moves and strategles. The two main streams of research, one based on

the monadic definition and the other on the dyadic definition are out-
lined below.

Research based on a monadic concept of teaching strategies. As indi-
cated in earlier paragraphs, a central problem in research in this stream
is how to sample strategies. This sampling should be done in such a way
that those strategies selected are: (a) potentially the most powerful
ones, {b} reprasent a class of similar strategies, and () are sufficiently
few, or are sufficiently easily learned, to be incorporated into the skills
of teachers without creating a cognitive overload.

One way to approach this sampling problem is to begin not with the
strategies themselves, but with an assumption about the manner fn which
teachers hold or remember pedagogical knowledge. This assumption is that
teachers adopt approaches to or models of teaching under which they then
subsume clusters of knowledges and skills., This assumption seems implicie
in Henderson's taxonomy (1970) and is used by Cooney (1974, p. 161) and by
Lester (1974) in discussing the skills of mathematics teachers. Under it,
approaches varying from highly didactic or "deductive" such as exposition
or rule-example through advanced organizer (anmalegy), guided discovery,
and discovery or "inductive" approaches are selected as the First step.
Second, strategies are grouped under these approaches according to
the degree to which they exemplify the approach and the extent to
which they are suggested by or supported by the regearch literature. For
example, the "ruleg" or rule-example approach is exemplified by strategies
which open with one or more connotative moves followed by denotative moves.
With respect te the denotative moves, some of the recent literature on
concept learning (Markle & Tieman, 1971; Thiagarajan, 1971) suggests that
whether or not the extended examples and nonexamples given are matched or
not matched to those initially given is an important aspect of learning
and retaining concepts under a "rule-example" approach.

The third step is to group the strategies according to the number of
rnoves which must be made clear in order to give the student extensive
information about the concept, principle, or skill. Hypothetically,
the most powerful strategies will be those that provide the most informa-
tion in the fewest moves. This hypothesis might be false, however, so
that sampling strategies from different groups ordered according te the
information given per move is an important consideration in actually con-
ducting an experiment.

The intent of these three steps is to organize each domain of strate~

gles into sampling frames. From these sampling frames, the most pronising
gtrategies can then be sampled for experimental work and, if found
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promising, for teaching to teachers.

Research based on a dyadic concept of teaching strategies. The
general cbjective of this stream of research is to determine whether or
aot teachers trained to make selected teaching woves smoothly and accu~
rately gbtain, under experimental conditions, better learning outcomes
from students than teachers not thus trained. A key Ffactor in this
stream is the selectlion of those moves on which teachers are to be train—
ed, since within existing time constraints all experimentally trained
teachers probably cannot be trained to make all the moves in all of the
domains. Although individual researchers may have their own strategies
for approaching the selection problem, a good way to approach it appears
to be ro follow the taxonomy of moves for teachable objects already pro-
duced by Cooney, Davis, and Henderson (1975). Thus, an initial step would
be tO restrict the moves to be learned to a specific subset such as those
retated to denctative concepts. ".e Second step would be to make a3
division between the connotative and denotative moves. A third step, in
the judgment of the writer, would be to regroup the moves within these
subsets according to the subjecrively estimated probability that a parti-
culat move will have to be made by a teacher Instructing at a parricular
level if the concept (principle or skill) is to be learned by students.
Thus. teachers in the primary grades will be taught a somewhat different
set of moves than those teaching algebra or geometry in secondary school.

Following these steps focused on the sglection of the concepts on
which the experimental teachers are to be trained. the next step is to
produce the procedures by whicn the teachaers are actually to be trained.
These procedures are dealt with in detail in the paper by David Gliessman,
and will rot be elaborated in this paper. The Ffinal step prior to actually
doing an experiment is then to train the teachers to criterion, with the
specific moves on which they are trained determined by the arrangement of
the experimental treatments. For example, one group might be trained
entirely on giving examples and nonexamples, another on sufficient
conditions and differentiation moves and on example-nonexample moves,
and so on, until the experimental treatments the investigator wishes g
employ are exhausted. The number of treatments the experimenter seeks
te employ must of course be limited since each addition Increases the
complexity of the experimental design, which, given the other variables to
be taken into account, is already complex.

A feature of this stream of research which must occur during che
experiment is the observation of samples of the actual moves made by
the experimental teachers during instruction. These observations must
be done in order to determine whether or not the differences in training
the teachers appeared in their actual behavior. Additionally, these
observations may be correlared with student learning cutcomes to discover
assoclations between the latter and the teacher behaviors actually used
by the trained teachers. A simple model showing the relationships in
question appears in Figure 2.
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In this model, relationship 1 is between the chserved behaviors
of the tralned groups (X, vs. va.X.); relationship 2 is comprised of
the corralations of the pooled behavgurs X, , X, and the pooled ouyt-
comes OA’ OB‘ Oc. while relationship 3 is & contrast in outcomes O, vs.
0, vs. 0, for trained teacher groups A, B and C, when relationships .1 and
27are disregarded.

Trained Observed Student
Experimental ~«-l---classroom —---2--- Learning
Groups Behavior
A X o}

B [ K: -—| r—oz
c l Ko __J l__oc
=)

Figure 2. Relationships among training,
classroom behavior, and student learning.

Domain 4. Student Learning Outcomes

As a rule, one gets what he teaches for. Thus, if students are
Caught applications, they will perform when applications are requested,
or if they are taught to verbalize generalizations, they will return
these to the teacher when tested for them. It is always difficult for
tesearchers ro keep this principle in mind since they are invariably
hopeful that students will peneralize their leartning considerably beyond
what was actvally taught.

The critical tasks for researchers in considering learning
outcomes associated with teachable abjects in mathematics are first,
te set forth rhe indicators in student performance which one will rake
as evidence of learning, and second, to be able to specify, 1f at
all possible, the relationship berween the experimental treatments
and different types or levels of indicators. In an ideal taxonomy of
teachable objects x teaching strategies, rhe performances which indicate
that srudents grasp a concept or principle. or can perform a skill
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would be given. In the Henderson taxonomy as presented by Cooney (1974),
however, these indicators are not developed, or at least not clearly
developed. This gap in the taxonomy throws to the research investigator
the problem of completing the taxonomy on an empirical basis.

To see this peoint more clearly. it is useful to return to the general
proposition stated earlier. In this proposition the claim is made that
"teaching strategies §., EQ. 5., will produce student outcomes 0, such thac
for all indicators of é, I, 12,...,1 s 5,0»8.0>5.0...." It is clear,
however, that this proposi%ion can be trué only if i s 52,...1 are a
homogeneous set. If the set of I is heterogeneous, Ehen it csﬁld be
true that 8,1.=8,1.,=8.,1, but that 5,1,>85,I,>8.1,, and that 8,1, >5,L
»5,1.. Inﬁ%gé,_gﬁis_gﬁgears to be whgt hgpgenea %n the Dﬂsseylﬂgndeg; n
study as reported by Cooney (1974, p. 169). When it does happen, the
investigator reports the differential cutcome and in essence completes
the taxonomy for the set of strategies tested x the teachable abject
chosen x the outcomes obtained, according to the indicators used, for
the level of student employed in the experiment. The essential point to
be made here is that rhe taxonomy cannot be a:curately completed, which
is the objective of the research, unless a spectrum of indicators of con-
cept, principle, or skill learning is initially provided by the investi-
gator.

What the necessary and sufficient (or at least sufficient) indicators
are for concept, principle, and skill learning in mathematics is a matter
better dealt with by mathematicians chan by the present writer. A few
obsevvations about indicators might. nonetheless, be made at this point.

First. one way to develop indicaters is te use the teacher moves in
the taxonomy as the foundation for the sets of indicators. This can be
done because each teacher move displays a dif ferent aspect of knowledge
about the teachable object., Thus, differentiation moves or instancing
moves ate implicitly taken as evidence of knowledge of the object.
Collaterally, student responses to questions based on these moves are
evidence that he or she has attained the knowledge. Technically speaking,
moves should be organized ir such a way that as one goes from one move to
the next successively more information about the state of knowledge of the
learner is revealed. For example, a differentiation move seems to be at
a slightly higher level of knowledge or learning than a positive example
move since differentiation requires knowledge of the criterial attributes
of two concepts rather than only one concept.

If teaching moves are used as the foundation for generating indi-
cators of student learning, one should notice that the second of the
two problems initially stated is helped toward sclution. Namely, an
implicit relationshlp is Formed between what the teacher does {make woves )
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and what the student L5 tested over (items which requite the knowledge
revealed by these moves). Indeed, it is perfectly reasonable to hypo-
thesize that the sequence of moves made by the teacher is less impor-
tant to learning outcomes than whether the combinatien of moves made
increases the total information (or knowledge) available to the student.

Second, although it is true that problem=solving or "application”
is an extremely important outcome of school mathematics, it is alse true
that what is learned at one level of mathematics must facilitate what
is learned at Subsequent levels if mathematics instruction is to succeed
in the long run. It follows that while one very much needs to develop in-
dicators of the student's ability to scolve problems involving a concept,
principle, or skill, it is also important to develop indicators that the
learning associated with a teaching strategy results ip proactive posi-
tive transfer to other related mathematical learnings. To develep indi-
cators of this type requires the experimenter to provide two successive
learning tasks for students. In the first, students are taught a teach=-
able object by the several strategies selected by the experimenter. The
outcomes can be tested by the usual indicators (e.g., items representing
levels of Bloowm's taxonomy). 1In the Second experiment, however, the
iearning task involving a new teachable object is presented to all experi-
mental groups by the same strategy¥, and either the time needed to acquire
mastery of the new teachable object, or the degree of mastery of it, or
both, are taken as the criterion vartiables. IF one of the strategies
urjlized in the first experiment has & facilitative effect on the acqui-
sition of the new teachable object, a between-groups comparison of the
level of performance on the criterion variables in the second set will
reveal the degree of facilitation the earlier teaching and learning had
on the later learning.

Designs

The objective of individual experimenta examiring strategies in
teaching mathematics is to obtain an esStimate of t'we truth of the under-
lying arguments in the simplest possible ways. (entral among these argu-
ments is that the combination of types of moves made by the teacher is
significant to learning teachable objecta in mathematics. A major Ffeature
of teaching moves, in addition to the combinatiun of types of moves, is
the quality of each move made. The quality of a move has at least two
attributes: clarity and the information revealed by the content of the
move, Dodd (1974) has recently shown that the rated clarity {(clarity as a
high inference variable) of the teacher's presentation in teaching mathe=~
matics (fractions) accounts for a very substantial percentape of the
variance of learning atcributable to teaching. Thiagarajan (1971) and
Markle and Tieman (1971) have shown, in concept learning, that the con~
vergence-divergence (or degree of matehing) of examples and nonexamples
is an Lmportant aspect of the content of exemplification moves. It
follows that In the design of experiments involving strategies for teach-
ing concepts, a warranted inference relative to the comparative

ErSC 133

Aruitoxt provided by Eic:




-128-

effects of two or more strategies mipht be drawn only if each strategy
involved is equivalent in clarity and in the content of the exemplifi-
cation moves. Otherwise, the alternative hypothesis that any differences
amoug strategies is attributable to differences in either clarity or in
content is viable.

Contrelling for or directly testing for the influences of the quali-
ty of rteaching moves is at present critical for thée survival of research
on teaching strategies. The review of research on strategies by Dossey
(in this monograph) produces relatively little evidence to increase con-
fidence that strategies make any difference. In the studies reviewed,
however, little control over the quality of the moves was apparently
exercised. Thus, an initial move to be made is to produce a design
which is similar to those previously used, but either (a) closely con-
trols quality or (b} examines variations in quality while testing differ—
ences in strategies at the same time. Of these two alternatives, (b} is
initially che better, although not necessarily the simpler, since it canm
be made to vield more information than alternative (a}.

Desipn 1.1 Monadic Definition of "Strategy"

Intent. The intent of this design is to determine the contribution
of (a} two teaching strategies, (b) two levels of clarity, and (c) three
levels of convergence-divergence of examples to selected pupil learming
outcomes relative to one, and possibly two or more, denctabive concepts.
This basic intent, however, may be intrinsically compromised in the
design since it Ls constructed as if clarity, exemplification, conver-
gence-divergence, and teaching strategies are independent or orthogonal
variables. Quite clearly, they could be correlated. If they are, the
outcome could be {(a) immense difficulty developing the treatment {(for
example, making up a treatment that is low in clarity but has several
divergent examples} or (b) weak or absent main effects and large diffi-
cult to interpret interactions.

Design wvalidity. The emphasis in the design is on internal rather
than external validicy, thus sampling from the varicus relevant universes
is nonrandom or “flxed." Tt follows that generalization to different
levels of students, to the type of teaching moves, and to the universe
of teachable objects cannoct be made. An important consideration in the
design, however, 1s thar it is to be replicable at different ages or grade
levels and with different teachable objects in the concept domain. On
the whole, independant replications of the design in this way will build
{or fail to build) confidence in the generality of the effects more
quickly than will any alternative procedure.

An aspect of the internal validity of the design which cannot be
overlooked is the ease-difficulty of the teachable objects chosen. To
make a fair trail of the strategies argument or cof clarity or the content
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of the ewamples, the teachable objects must be drawn from those identi-
Fied as "difficult.™ A problem For the experimenter is to find a set

of procedures by which to isolate the difficylt concepts. One procedure,
mentioned in Section I, is to refer to the research literature. A second,
and probably mure expedient procedute, 1s ©o have rathematics educators
or mathematiecs teachers familiar with the concepts taught at a particular
level (or narrow range of levels) rate concepts for how easy or hard they
are to teach and correlatively, how easy or hard they are for students

to learn. The concepts used in the design would then be selected on the
basis of rhese ratings, with the additional constraint for younger
students that they be within the range of normal development {or the ages
of the children. .

In gddition to the ease-difficulty matter, the normal items of
internal validity are to be observed. These items include cthe vandom
assipgnment {(but not necessarily random selection) of subjects, the effects
of maturation, attrition from the ewperiment, the intervention of
extraneous factors during the experiment, and so on.

Treatment construction. An initial choice is whecher to use one
conce@pt or more than one in the treatment. Using a single concept
shortens both the development time for the freatment and Ttreatment
administration time. Using two different concepts, of equal difficulty,
on the other hand, permits a partial replication of the experiment rela-
tive to the domain of difficule concepts for the sge level chosen. 1In
addition, external validicy is increased on this dimension as well as comnserving
experimental subjects in the sense that each subject pives twice as much infor-
mation as he otherwise would have. If the choice is made to use one
concept only, the design remains basically a 2 x 2 x 3 AROVA. If two
concepts are used, it becomes a 2 X 2 X 3 repeated measures, assuming
equivalent tests for the two concepts can be constructed.

Foliowlng the selection of the concept(s), the subsequent tasks are
to vary both the convergence-divergence of the exemplars to be used and
the clarity of the characterizations of the conceprs. This is done while
working within the constraints ¢f a fixed range tor the number nf moves
permitced in each seracepy. This range should probably not be fixed
exactly at the outset. Rather, the problem .f developing examples should
be worked on first, then the cut-off polnts on the number of examples to
be given is set according to the difficulty ~F the concept. It is assumed
that mastery of a wmore difficult concept requires more examples than a less
difficult concept. Failure to give enough examples for at least the
brighter studencts to learn the concept well would not provide a completely
fair trial of the basic arpument, while giving too many examples might
obliterate differences between the trzatments.

To obtain a range of variation in examples and in the clarity of the
charucterizacions employed, a good initial procedure is to ask students
in a mechods class in mathematics education as well as expert matcthematics
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educators to write out characterizations and examples and nofnexamples

of the concepts. This procedure should produce samples of examples and
nonexamples aznd of characterizations. Each sample can then be ordered.
The sample of characterizations can be ranked or stratified by clacity.
The sample of examples can be ordered on & bipolar continuum from highly
convergent te highly divergent, and the sample of nonexamples can be
similarly ordered.

To do such ordering, definitions of convergent and divecgent examples
and none¢xamples are needed. These definitions depend both on the secies
of cxamples within which a particular instance ir buried and on the
presence of irrelevant attcributes. A convergent positive example is one
in which the icrelevant attributes differ only slightly (e.g., by une
attribute} Ecom the eriterial attribute(s) while a divergent example is
one in which many of rhe irrelevant attributes vary. A convergent non=
example on the other hand is one in which the irrelevanr attributes are similarc
to rhose of the initial example, but one criterial attcibute is removed.

A divergent nonexample varies widely from the initial example, in
irreievant artributes, but continues to remove at leasr one (or possibly
more than one} criterial ateribute. As a brief and incomplete erample,
consider tcaching the concept of four to a Young child. If the initial
example is four green peacl]l marks, a convergent example is Four black
pencil warks and a divergent example is four red sky scrapers with windows
in them. A convergent nonexample is three green pencil macks, while a
divergent nonexample is six purple moons with faces.

Once the samples of examples, nonexamples, and characeerizations
are prdered, the next step is o select from each sample those specific
items which might be employed in cthe experiment. To take this step the
exact teaching strategies to be used in the particular experiment must
be cons!-.:red. <Certain constraints and certain options ace available.
One conscraint developed by earlier decisions and procedutres is that the
exemplification moves to be made are to provide interpretable contrasts
berween differeni combinations of types of positive and nepative examples.
This constraint suggests thar at leasr three combinations of examples and
nopexamples must be included such that each combination has balanced
{equivalent numbers} examples and nonexamples, and

(a) combination 1 uses all convergent examples and nonexamples,

(b} combination 2 uses both convergent and divergent examples and
nonexamples in equal numbers, and

{c) combination 3 uses all divergent examples and nonexamples.
excluding che Eirst omes given as examples.

Qulte clearly, these combinations are not the only ones possible since
any ratic of convergent to divergent examples and nonexamples would he
permissible. The combinations chosen, however, provide reasonably inter-
pretable contrasts among the Full range of possibilicies,
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A second constraint from previous decisions and procedures is
that the combinmations of example-uonexXample moves chosen must be
fit iato different patterus which are interpretable as teaching strate-
gies in the Henderson taxonomy. Ideally, these strategies should be
drawn at random from that subset of concept teaching strategies for
denotative concepts which involves repeatable characterization and sXem~
plification moves. This subset is not presently explicated, however,
and the only practical alternative is to draw at least two coatrasting
strategies from it on an intuitive basis. For preseat purposes, let
us deslgnate one strategy as a CE~V“ EEYEC E~ E E~ E € strategy
in which the connctative or characterization moves are dispersed among
counterbalanced example and nonexample moves. This strategy is thus
a '"dispersal strategy.'" The seccnd strategy shifts away from dispersion,
and blocks or clusters the moves as foliows: CC CEEEE™~EaEn~E
" E. Quite clearly, many other specific strategies involving the sawme
elements in different arrangement could easily be generated. The preseat
design does not directly utilize these alternatives, but can be quickly
modified to adapt to them as will be noted at a later point.

The remaining step in the design is to contrast "claricy" in at
least two levels. A procedure for obtaining differences in Lhe clarity
of characterization moves was discussed earlier and initially, at least,
less clear and more clear moves can be assigned to the stra’egies in a
balanced design. To see thig point more clearly, Figure 3, which arrays
all the elements of the design up to this point, should be examined.

The fact that "clarity" as applicd to teaching mathematics may
involve not only whether the characterization (C) moves are clear but
also whether cthe entire sequence of moves is ¢clear is now open toO an
empirical test. To make the test, the instructional programs for each

cell, a to 1 in Figure 3, must be written. These programs are then 6551gned

to a panel of judges, for exampler, a mathematics educatioun class. Each
judge then rates each program on a scale of 1-5 fFor clarity. These rat~
ings are then collected and assigned to the cells in accord with the type
of program on which they were made. An ANOVA of the ratings is then
performed. If "clarity” is a Eunction of the clarity of the characteri-
zation moves, a main effect for B will be present such that the mean
ratings for the less clear cells (a-f) will be less than those Ffor the
more clear (g-1) cells. 1If clarity is 2 function of some other factor
such as strategy, or convergence ot divergence, or some combination of
factors, it will appear in the other main effects (A or C) or in the
interactions (e.g., A x C), hopefully in an ianterpretable way. MNotice
that this analysis does not reveal anything about the relacion of clarity
to learning: it tells only whether Or not claricy is orthogonal to
strategies and convergence~divergence ot correlated with one or the
other or both, hence confounded with then in this design.

Assigning subjects to treakfments. A distinct advantage to rhe
programmed learning approach to studylng teaching strategies is that
it permits the random assiguments Of students within intact classrooms
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STRATEGIES

strategy 1
CE ~ EE ~ ECE ~ EE ~EC

Stratagy 2

CCCEEEE~E vE~E~E

a convergant b convergent
c converdgent-divergent g convergent-divergent
© divergent f divergent
q comrargent h convergent
e e e e e
i convergent-divergent h] convergent-divergent
k diverdent i divergent
Figure 3. Structure of design 1.1.

the treatments.

The randomizing proceduve is carried out by assembling

the total stack of programs to be handed out in a classroom ip random
order, then passing them to studentg, who thereby receive their treat=-
ments at random.

This procedure scolves four important problems.

Firat, it permits

the use of a randomized desipn with high initial internal validity,
Second, it permits the experimenter to treat each student as one repli-
cation or unit of observation, thus permitting him to use each student
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as one degree of freedom. If intact classes are randomly assigned

to treatmentS, 25 an alternative practice. each clags is only one degree
of freedom. Third, it adapts easily to covariance or stratified designs
as methods to increase statistical precision, since the control variable(s)
to be used will be available on a student by student basis. Finally, the
randomizing procedure used can be expanded up to about 30 different treat-
wents {(one student per treatment in an average classroom), thus per-
mitting many different teaching strategies on the same concept (principle
or skill} to be tested simultaneously. In short, the procedure lends it-
self ro sreatly increasing the sample of strategies used in any one study:
hence, it helps in solving the external validity problem associated with
the large universe of possible strategies.

Testing learning outcomes. I am geoing to minimize this aspect of
the present design and related designs because an adequate treatwent
of it requires ancther complete paper. There are, however, certain
aspects of testing cutcomes that cannot be overlooked even here.

First. the method and the problems by which -learning is to be
assessed must be considered, and should be rather fully developed, at
the time the concepts te be included in the treaement are selected. For
example, if "fourness" were the concept in the present design, the test
of the outcomes would in all likelihood be the correct discrimination
of Fourness among many divergent examples and nonexamples of fourness.
The test would be almost cereain to closely resemble the treatments
delivered in cells e and k of Figure 3. Such a test might be considered
an inadeguate or even biased assessment of concept learning. The time
to make this judgment is, of course, before rununing the experiment, not
afterward. )

Second, if multiple rests (sets of indicators} of the learning
outcomes were used, and in the event these indicators were somewhat
heterogeneous, i.e., did not describe a upnitary factor, the statistical
analysis associated with the design would shift from univariate analysis
of vartance to multivariate analysis of variance.

Third, in the event two concepts were taught in the present design
{i.2., a partial replication was done) and were tested with apparently
parallel tests, the scores of the tests would have to be equated through
a standard score transformation before initiating the analysis. Other-
wise, rthe difference between the concepts, as rreated, would be con-
founded with possible differences between the tests of -concept learning.

Expacted outcemes. With respect to the argument that teaching
strategies affect learning outcomes, the expected gutcome for this
design is a significant dif{ference beatwean stratepies. Additionally,
slgnificant effects for levels of cle.ity and for types of examples-
nonexamples would he anticipated. An acceptable and illuminating set
of outcomes would be 2 significant A x C interaction {stracegies by types
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of exampies-nonexamples) since this effect would gtill indicate thar the
segquence 3s well as the quality of the moves 1s important. A theoreti~
cally disappointing byt empirically interesting ourcome would be a main
effect for clarity and no other significant resulrs.

Relared experiments. Depending on the cutcomes of the rype of
experiment described above. a number of related experiments can easily
be generated. [f the anticipated outcomes held. the same experiment
can be repeated for diFferent concepts and/or diFferent age groups.

If the convergent-divergent examples effects are stromg, this line

of research can be extended by examining different ratios or different
numbers of examples and nonexamples, convergent and divergemt. If the
strategies effect is strong and the other effects weak, an interesting
series of experiments might be conducted to determine the most efficient
strategies for attaining a given ocutcome by manipulating either the
number, repetitions. or types of moves made. Whatever series might be
chosen: the theoretical objectives are similar -~ to verify or to modify
and refine the current theoretical structure sc that it more sharply
explains the relatfonships berween the moves of the teacher and the
learning cutcomes of students in mathematics.

Design 2.1: Dyadic Definition of "Strategies"

In this design the intent is to carry out research which is as
closely analogous’ to design 1.1 as possible, but employs a dyadic or
student response-contingent definition of teaching strategy cather than
a monadic definition. Quite clearly, design 2.1 cannot be exactly par-
aliel tu 1.l since the exact Sequence of moves, the strategies, cannot be
directly controlled. Rather, the Strategies must be left as contingen-
cies. Moreover, neither convergence-divergence nor clarity can be con-
trolled since these are also a function ¢f the teacher and left contin-
gent. What can be controlled, albeit imperfectly, is the degrees to
which the teachers in the experiment have been trained to (a) perform
moves ralevant to teaching concepts, {b) give convergent and divergent
examples and nonexamples. and possibly {¢) be clear. '

Design structures, cost and intent. The structural features of
design 2.1 might be ver¥ similar to those of 1.1 if training capabilities
and the cost of conducting the experiment were to be completely Jdiscounted.
In this event, the structure would be that in Figure 4.

This design structure differs from that in 1.1 in that convergent~
divergent example and nonexample giving is not divided into three levels,
but only two. The reason this Factor is ceollapsed is that training
teachers to give all ceonvergent, ail divergent. or balanced convergent-
divergent examples and nonexamples probably camnot be controlled at the
point of application. That is, even though one might try to train
teachers to act exactly in accord with these treatments, when the teachers
actually teach they might or might not act in accord with their training.
The treatments are therefore simplified so that some teachers are trained
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B c A Trained in Teachers Moves
Ho Yes
a <]
Ho Trained in c d
Convergence-Divergence Yes
Trained in £
Clarity €
o
Yo Trained in g h
Convergence=Divergence Yes

Figure 4. Possible structure cof design 2.1.

in giving convergent and divergent examples and nonexamples and some
are not thus trained.

In addition to this structural change between designs 1.1 and 2.1,
there are certain other Features of 2.1 which are questionable. The
firat is whether or not one could, within reasonable time limits,
successfully train teachers to be "clearer.” This seems doubtful,
since exactly what one must do to increase his clarity of presemtation, .
questioning, example giving, and the like is poorly understood. To Bay
that one can discriminate between clear and less clear teaching is
different than saying that one can train sameone to be clear. Working
ol the latter motion, che experiment could drop clarity as a training
treatment and, instead, rate the clarity of teaching actually done in the
experiment. In this way, clarity could be treared either as an outcome
of the other two factors in the design or as a control variable {(co~
variate)} or both.

Dropping clarity as a training treatment would also have a bene-
ficial effect on the costs of the experiment since Four of the cells
(e, £, g, h) can be eliminated and correspondingly fewer teachers and
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students included in the experiment. In many experiments, for
example, those like 1.1, this cost reduction wouid be small. But in
2.1 the participating teachers must be both trained and subsequently
observed or videotaped and rated. Thus, reducing the number of parti-
cipants can effect substantial savings which can be diverted to
additional experiments.

The second feature of design 2.1 open to question is whether or
not training someone in giving convergent and divergent examples
and nonexamples is in effect training him to make teaching moves
{example and nonexample moves}, which of course it is. MNonetheless, a
distinction can be maintained in training between teaching scmeone to
vary the gquality of his example-nonexample moves and simply teaching
him to make example and nonexample moves., If this distinction is not
maintained in 2.1, the validity of the desipn relative to its intent
will be compromised. This compromise will occur if in training
teachers to give examples and nonexamples, as well as other types of
moves, the experimenter inadvertentiy emphasizes the types of examples
or nonexamples to be given.

Let us suppose, however, that the experimenter bedieves that he
cannot avoid addressing the qualirty of the examples and nonexamples
given in his training on teaching moves. If this were to be the case,
he might again shift the structure of the design so that only two
groups {cells a and b) were involved, thus dropping the convergence-
divergence of examples and nonexamples as an explicit factor in the
design. In keeping with the intent of both design 1.1 and design
2.1, however, one might reasonably insist that cenvergence-divergence
of examples and nonexamples be taken into account. To meet this in-
tent, the experimenter would observe and rate the teaching of the
trainees on che convergence-divergence factor. He would in turn use
these ratings in two ways. First, he would test the differences
between the mean convergence-divergence of examples and nonexamples
given by teachers in cell a2 versus cell b. This test would tell
whether or not his training jinfluenced this facter. Second, he would
correlate the ratings for cells a and b pooled to student learning out-
comes. This correlation would indicate the degree to which convergence-
divergence influenced student learning outcomes. Finally, he might
use the rating as a covariate to Increase the statistical precision of
his design. The latter m~ve would be made, however, only if the
correlation between the rating and student learning was substantial --
say greater than .50.

Treatment construction - eteacher fraining. A curious feature of
design 2.1 is that its structure depends greatly on how skiliful the
experimenter thinks he is in constructing training treatments. For
present purposes, the writer will assume that the four-cell structure
can be carried out I1f the appropriate training materials are developed.

An important consideration in developing these materials is their
cogt. If substantial sums of money are available, the materials might
include films or videotapes showing teachers modeling the moves that
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the trainees are to learn. TProgrammed materials would follow which
require the trainee to bhoth discriminate the appropriate behavior

in transcripts of teaching and also produce examples of the appro-
priate behaviors. If modest sums are avallable, audiotapes or simply
transcripts may be used. If virtually no money is to be had, the
experimenter may himself have to give the instruction in a highly
structured replicable way.

For the treatment which trains teachers to make relevant moves in
teaching concepts, the experimenter has the option of teaching all 16
concept moves if he chooses. He may also choose ta teach only a few
moves, but certainly more than just example and nonexample moves, which
would increase the risk of confounding the two treatments in design
2.1. The investigator also has the option of developing materials
separately for each individual mave or For groups or clusters of moves.
If many experiments using different types or combinations of moves are
planned, as would be the case in a Family of experiments reliated to
design 2.1, much is to be said for having separate materials for
each move. Different combinations of moves for different training
treatments could thereby be easily produced.

An important aspect of training on concept moves is that the in-
vestipator must establish a criterion for trainee proficiency in making
each move. This criterion might be to ldentify and differentiate types
of moves as well as produce moves with high accuracy on a paper and
pencil test. It might be ability to acecurately perform each type of
move in a microteaching situation. Which 1s chosen depends substan-
tially on the time and money available to the investigator.

For the treatment which trains teachers to give convergent and
divergent examples and nonexamples, the same type cof training materials
used to teach councept moves is required. llowever, instead of noting or
even mentioning "moves," these materials focus on the importance of
giving pood examples and nonexamples in one's teaching. Then they go
on to demonstrate different types of examples and nonexamples and
when they might be used. Again, a criterion for trainee proflciency
in giving examples and nonexamples, couvergent and divergent, must
be developed by the investigator.

Treatment construction - concept teaching. Once the participants
in experiment 2.1, cells b, ¢ and d, have been trained, all partici-
pants including those in cell a must be assigned ro teach one or more
than one coneept to childven in the designated age range. The concept{s)
would be selected in the same way as in design 1.1. In design 2.1,
however, ail participants must be given access to the same resource
material about the concept{s) and given equal opportunity to prepare
the inscructional lesson. Finally, each teacher must be assigned at
random to one or more microteaching sessions, to which the pupils
also have been randomly sssigned, with the number of sessions determined
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by the number of concepts used. Following each session, the students
are tested for concept acquilsition, while the vidaotapes of the session
are savaed and subsequently rated for clarity. 1In addition, the tapes
also may be examined or rated relative to the stratepies employed and
the convergence-divergence of the examples and ncnexamples used.

Interpretation of results. The statistical analysis used in
design 2.1 might be a two-way analysis of variance, with repeated
measures if more than one concept is taught, or analysis of covariance
if clarity is significantly correlated with student outcomes. Under
any analysis, however, the design should be about equally Iinterpretable.
If the main effect for concept moves is significant, then training
teachers to make these moves aids student concept learning. Whether
this outcome is aconsequence of one or more spegific strategies being
employed by teachers can be determined, however, only by an analysis
of the videotapes. The same is true if a significant wain effect occurs
for the convergence-divergence factor. Perhaps the more likely outcome
of design 2.1 is a significant interaction effect which results Erom
highly superior performance by the group {cell d) trained both on moves
and on convergence~divergence of examples and ncnexamples.

Summa

The design of research on traching strategies requires attention to four
domains of variables: teachable objects, student atttibutes, teaching
moves and strategies, and learning outcomes. Within each domain a
further classification of variables is required. These classifications
should produce sampling frames from which elements may be drawn either
to increase the possible generalizatfon of the research findings within
the domalns or to ingcrease the precision of the experiments to be con~
ducted. The design of experiments involving these sets of variables
requires detailed attention to the method of selecting the variables
to be employed from each domain, to the procedures for operationalizing
these variables, and to the control of variables which potentially offer
competition with "teaching strategies” as alternative explamations of
the results of the experiments.
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A Researeh Context for
Delivery Syatems Research on
Strategies for Teaching Mathematics
Kenneth A. Retzer

Illinois State University

A Utopian Fable

The Utopian States has a problem. A team of researchers has,
by studying human behavior, identified a regimen of physical exerciges
which can benefit a subgtantial portion of the population of Utopia--
providaed one can trust the preliminary indications of research.

The researchers gqre enthusiastic; dissemination of these
reégimens of exercise could be means by which they make a contri-
bution to humanity. FExeitement ig tempered by honest -oncern about
public acceptance of the potential of these regimens. They knaw
that people are alrgady getiing exercise in numMerous ways--both
etructured and wndtructured--and they realize that they need to
convince some that structured activity is mere effective than
ungtructured exercise without having them feel their freedom or
artistic expression i{s being restricted. They need to convinos
others who beligve in gtructured exercise that these regimens
are more benaficial than those they are presently using.

Furthermore, they are conzerned about the point at which theve
will be enough rvesearch svidence to convince them that some of the
regimeng of exercize might be move beneficial to them and to those
they train than those they are presently using. Haw can they get the
Financial support and the time for that needed research, and haw
can they coordinate those vesearch efforts to make the maximen
uge of funds, mitual communication, and support and, simultansously,
minimize overlapping of efforts and insignificant research?

This fable about the Utepian States has a counterpart in the United
States. If exercise can be compared to teaching activity cYassified as
teaching moves and regimens of exercise to teachlng strategles which
result from sequencing thofe moves, we may be able to visualize the nature

147

O

ERIC

Aruitoxt provided by Eic:




-142-

and the state of the movement in strategies for teaching wathematics. We
see, as the Utopian researchers do, the need for adequate research to
identify effective strategies and means of sharing the research with pre-
gervice and inservice teachers.

While the prablems of regearch support and research coordina-
tion are formidable ones, they are solvable. As gvidence mounts,
the researchera will be able to decide whether to continue testing
the effectiveness of specific exercise regimens and phether to use
this evidence in an effort to convince others to use those regimens
tdentified as effective. '

Prob lems of implementation and dissemination arise. Surely
the Utopian public schools are the single most promising disceming-
tion source since they are already involved in teaching physical
activity. Would not the physical education departments be ithe
most promising depariments within the publie schools fo learn the
moves tnvolved and to teach their students to sequence these moves
tnto regimens of exercise? Thie possibility raises numerous prob-
lems and challenges. While not discownting thece avemues, the
rcsearchers do not feel that dissemingtion by commnity organiza-
tioas, federal agencies, or interasted individuals can have quite
the wide- spread effect as the schools.

Of course, other departments such as home economics, industrial
technology, and art are also concerned with physical skills. But one
would not expect these departments to be a major source of
dissemination unlegs research makes it evident thuat the regimens of
exercise are most beneficial te those in a particular depariment.

The fact bthat most of the researchers have backgrounds in indusirial
technology and that the moves pere Jiecorered by observing physical
activity related to industrial techrology leaves open the question
of whether these erercises are primarily beneficial to those in
industry as contrasted with the general populace.

backgrounds are in industrial technology. Some have specialized
in ereércises beneficial to those in industry. These are among the
phyeiecal education faculty who would make decistons about impie-
menting the emercises suggested by the researchers. By virtue of
their positions, they have an interest in industrially-relatéed
eraraises as well as feclings gbout the effectiveness of what

they are presantly teaching.

To our researchere, an analysis of schools and physical
education departments is in order. Our regearchers aqre asswning
that the physical education departments as well as other depart-
ments have curricula which are based on research. Before they
would adopt nas regimens of exercise as a part of their curricula,

|
Among the physical education faculty there are those phose
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they would want adequate research evidence of their zffectivencss.
They are quite prepared for the fact that some, because they
would prefer to await the results of large-scale research, will
not be convinced by pilet mrojects and small-ceale reseavei.
Utoptan researchers are quitc prepared to implement their regi-
mens of ezercise in a fav schools and design research which tests
whether these exercises help the schools achieve their objectives.
Assessing the realism of those assumptions and giving preliminaby
consideration to the timing and structure of research on:educa-
tiowl systems is worthy of consideration.

The analogy can be continued by comparing the public schools to our
teacher training institutions. the physical education departments to
collepes (or departments) of educarien, and the industrial technology
departments Lo mathematics {or mathematics educution) departments.

By doing so, one can perceive a web of interrelationships between
research and dissemination. Researchers, committed to exploriag the
relative effectiveness of strategles for teaching mathematics, can coor—
dinate a spectrum of small-scale studies. Such studies can point toward
latrge~scale studies to determine whether knowing moves For teaching con~
tent increases teacher effectiveness. Simultaneously, there is a need for
dissemination of existing classification systems ~f teaching strategy
moves. This disseminacion Ls both 2 means and an end. It is a wmeans in
the sense that it 1s prerequisite to larpe-scale validation studies. Tt
is an and in the sense that strategy moves have already exhibited suffi-
cient potential and usefulness to warrant thelr being shared. The affec-
tiveness of delivery system$ used to shar. strategy moves can be tested.
This interrelatedness of research and dissemination efforts warrants
further exploration. That exploration is the task of this paper.

The Task

A major purpose of this paper is to explore aspects of research with
and dissemination of classification systems of moves for teaching mathe-
matical concepts, generalizations, or skills. Specifically, this paper
sugpests (a) that validation studies of the type Dossey {see the Dossey
paper in this monograph) describes be continued, {b) rhat similar valida-
tion studies in otfher subject matter fields be considered, (c) that large
scale validation stwudies on strategies Ffor teaching mathematics be antici=-
pated, {d) that dissemination of strategy move classification schemes is
a prerequisite for large-scaie validation studies, and (e} that delivery
system research should be done on the effectiveness of the resultarnt
teacher education programs. This paper is largely directed (o discussing
aspects of that dissemination and subsequent delivery systems research.
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"Yalidatlon research" refers to that research which uses sequences
of teaching moves in an effort to determine effective strategies. 1In the
context of thls paper, "delivery system research'” means research on one or
more components of a teacher education program to determine its effactive-—
ness.

Exploring aspects of research with and disseminatlon of classification
systems of moves for teaching mathematics is carried out in the following
mannetv. Attention is given to the following:

1. the nature of strategies for teaching mathematics and their
source;

7. promising aspects of using those strategies in teaching and in
teacher educatton;

3. some positions and suggestions for 2 research framework;

4. Tfacets of implementing these strategies in some mathematics
teacher education programs including research bases of teacher
education curricula, modeling as a dissemination approach, and
a case for materials development; and

5. some dimensions of a suggestion Eor anticipated delivery

system and validation research in mathematics education on
teaching strategy moves.

Nature and Source of Sirategy Moves

A strategy for teaching mathematics is a sequence of bits of verba-
lizatlon called moves. The strategy moves in current usage were identified
by analyzing tapes of classroom discourse with a logical perspective—-
keeping in mind whether & pathematical concept, principle, skill, or fact
was being taught. Henderson offered classification systems of these moves
in articles and chapters of professional publications as early as 1967.
The most complete single source 1s a secondary mathematics education
texthook by Cooney, Davis, and lenderson (1975}. This text contains
classification systems of moves for teaching mathematical concepts, mathe-
matical gencralizations, and mathematical skills within one veolume and
roflects the latest thinking of these mathematics educators.

Promising Aspects

Mathematics teachers and mathematics educators have been drawn intoe
the movement for varlous reasons--including philesophical perspective,
acstheties, applicabliity, research results, and personal experience.
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Some find themselves in agreement with Smith {1971) whe stated:

Almost from ancient times it has been assumed that the way
teachers should behave in the classtoom could be derived from
what philosophers, and in recent decades psychologists, said
about thinking and learping. . . .While this approach to the
formulation of teaching skills has not been abandoned, it has
been challenged as an exclusive approach by research workers
who concelve of teaching behavior as worthy of study in its
own right. (p. 3)

Mathematics educators who share Smith's perspective are drawn to the
results of Henderson's cbservations cf interaction in mathematics class-
rooms.

Some who have been drawn inte the movement find an intrinsic beauty
similar to that in the structure of mathematics. Many associated with
mathematics appreciate that an endless number of arithmetic facts can
be generated using algorithms and iess than 100 basie facts. Similarly,
some find the fact that an endless number of theorems can be proved with
a small finite number of axioms aesthetically pleasing. Likewise, some
can appreciate beauty in the determination that the wultiplicity of
teaching episodes can be interpreted as permutations of a small finite
number of straiegy moves.

Some are attracted by the applicability of these moves to teaching
mathematics content--concaepts, peneralizations, and skills--regardless
of the peneralizability of these moves to other subject matter areas.
Until the extent of generalizability is known, there is a possibility of
finding teaching moves which are unique to mathematics. The opportunity
to work with specialized teaching moves which are used to teach mathe-
matics content as contrasted with generic teaching moves which relaie to
classroom management, structuring materials, and manipulating pupil
activities is appealing.

Since Dossey {(in this monograph) provides comprehensive details, it
suffices to indicate that some are drawn to the classification systems
by the encouraging results of some research studies. These resules are
interesting in contrast to a quectation from Rosenshine and Furst (1971)
who stated:

Educational researchers have not provided those who train teachers
with a repertoire of teaching skills which indicate to a teacher
that if he increases behavior x and/or decreases behavior ¥ there
will be a concomitant change in the cognitive or affective achieve-
ment of his students. (p. 40)
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Some teacher educa .s have used the strategy moves to provide a
common language to descrive teaching and general methods explicicly.
Preservice and inservice teachers have reported that knowledge of the
moves helps them (a) to write objectives, {b) to plan lessons, (c} to
determine alternatives when classroom developments require that they
change from their planned .strategies, and {d) to write test items.
There are adequate subjective reasons for thinking mathematics teachers
would find strateples for teaching mathematics aesthetieally pleasing
and useful. Hence, at least some mathematics educators would want te
irclude them in their teacher education programs. N

Positions and Suggestions

A position taken in this paper is that those interested in vesearch
on gtrategies for teaching mathematics should be concerned with the
challengas of disseminatien and delivery system research on strategy
moves from the outset of cooperative research efforts. Delivery system
research is as important as velidation studies--even prerequisite to
large-scale validatton studies. The development and use of protocol
and training materials in teacher education proprams and dissemination of
such matevials and Programs are prerequisite to research on the system's
effectivenass and the production of enocugh teachers to permit large-
gcale validation studies. The paradigm given in Figure ) may further
axplicate this position as well as gutline a research framework. In
Figure 1, Item (l} designates our present stata, Dogsey's paper sum-
marizes these validation studies, and his and other papers in this mono-
graph make suggestions for further research identified as (2).

=(9) Validation Stmdies in
(Gther Content Areas

{1 validacion Studies—w(2) Further — — s £} Large Scale Validationm
Validacion Studies in Mathematies
Studies

(3) Delivery System
Development

(4) Tuplementacion-
Modeling

(5) Dissemination-
HModeling

(6} Uge Ln Teacher—w(7) Delivery Systom
Training ) Research

Fipure 1
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This paper points towards Item (7} and suggests that Items (3}, {4},
(5) {not necessarily in that order) are important preconditions. Items
{3}, {4}, and (5) could alsc lead to (6} for teacher education institu-
tions who do not consider (7} or (8) prerequisite to curricular change.
It is suggested that {3}, (4), (5), and (6) are also preconditions for
{8). Decisions need to be made on the value of (9) as desirahle research
and whether it should be encouraged afrer (2} or else (8), We need to
establish several things to implement teaching strategies inte teacher
education programs (Item (6} of Figure 1) on a research based rationale.
First, are some strategies more effective or more efficient than others
(Ttems (1) and (2)})}? Second, can teachers be trained te recognize and use
moves (Item {7337 Incorporating teaching move classification systems
in comprehensive reacher educacion programs may alse require both gmall
{Item (9)) and large-scale validarion studies in a number of gther sub-
ject matter areas.

With this suggested research Framework in mind, facets ¢f implemen~
tation, dissemination, and prerequisite materials production can be
examined. It is asserted that implementing classification systems of
moves into some teacher education programs is justifiable on subjective
bases. Most components ¢f existing teacher education programs are not
based on research evidence. However, the current incompleteness of
effectiveness research on knowledge of teachiug strategy moves need not
be a deterrent to their implementation.

Modeling as a Dissemination Device

It is significant that curricular development in school mathematics
content has been accompanied by dissemination efforts. The development
of a secondary mathematics curriculum by the University of Illinois
Committee on School Mathematics {(UICSM) was accompanied by academic
yvear institutes (AYI's} to train teachers {about 1957-1969). The task
for these teachers was to become thoroughly acquainted with the ULCSM
curricular materials and their mathematical bases. Later (circa 1971)
the Colerade Schools Computer Science Curriculum Development Project
(CSCSCDP) was accompanied by rescurce personnel workshops (RPW's).

These teachers and administracors became Familiar with the implemencation
of computer programming in junior level high school mathematics and the
philesophy of the text. More recently, Indiana‘s Mathematics Methods
Program (MMP) has been accompanied by a modeling program {from about
1972} in which visitors can study the materials, learn to use them, see
them being used In a model program, and contribute to curricular develop-
ment and modification.

These three training programs were financially supported by che
National Science Foundation and represent distinet programs in the
evolurion of N3F's thinking concerning teacher training. After several
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years of retraining experienced mathematics teachers in AY1's, support of
the NSF was dirccted toward RPW's and the improvement of some preservice
education programs. The National Sci=nce Foundation reccgnized the
Futility of coutinuing toe retrain individ.al teachers, while tcacher
education institutions were producing teachers who would shortly be ia
need of retraining. Hence, the NSF began supporting RPW's whose parti-
cipants were teachers, department chairmen., and teacher education faculty
with the expectation that rhese personnel would further dissemination by
training others. Furthermore, support was given to undergradiate insei-
tutions for development of their preservice programs so that their
graduates would be capable of using the best of curricular materials

and teaching methods. Indiana University's MMP contains 2 recent and

a most promising dissemination device because of rhe nature of the
modeling inherent in it. A critical feature of the MMP includes

support for teacher educators to visit cthe model and engage in follow-up
communicarion, as well as the opportunity for the visitors to provide
fnput to the development of the model and, hence, develop a sense of owner-
ship. These characteristics merit consideration.

The MMP program represenkts recent thinking of the National Science
Foundaricn toward dissemination. It sSeems reasonable, then, thar serious
consideration should be given to support of implementation of teaching
strategies into teachar education programs which can serve as a model
teachet education program to be visited and modified by mathematics
educators. Such programs would not be vieyed as demonstrating the ideal.
Rather, they exemplify a definable program which is in operation. Visi-
tors could help improve the model program as well as adopt or adapt
aspects af that model to their own situation.

Stiles and Parker {1969) spoke ©F teacher education programs being
implanted and imitated with minimal evaluation. Undoubtedly there are
teacher training programs which will gladly imitaie a promising model
program. Faculty at such institutions are in search of fresh ideas buct
often are burdened with responsibilities which prevent them from doing
the necessary research and developmental work. Establishment of model
teacher education programs and provision of financial suppert to visit
them and to communicate with their persomnel would serve these insticu-
tions weil.

Many teacher education institutions contain Faculty who both want
to and are expected to be productive along research and developmental
lines. Adoption of another institution's program is highly unlikely
in these cases; adaption is more likely. It appears that the adaption
will be even more likely if faculty members have an opportunity to assist
in development to an extent that they acquire a sense of ownership in
part of the new curriculum. Girault (1974) stated, "If innovation is
to remain alive beyond the introductory developmental stages, it ywust
be ‘owned' by the toral system it purports to serve” (p. 1}. She defined.

(9]
=

ERIC 1

Aruitoxt provided by Eic:




~149-

the system members as initiators, legitimatizers, and maintainers. HNoting
that teacher education Programs exist at the interface of the university
and the K-1Z school unit, she indicated that the innovative system must

be defined so as to include representatives of gach unit bordering that
interface. She pointed out the need for the maintainers to have the
opportunity to communicate with and influence the initiators and legiti-
matizers. The maintainers should share a sense of accessibility, commit~
ment, interest, and mutuality of influence with the initiators and legiti-
matizers in order for 211 concerned to Ffeel a sense of ownership in the
innovation. Program owners see themselves &3 shaping the program as
having easy and informal access to other owners, as being convinced that
the program is worthy of dissemination, and as seeing their ownership as
widely and publicly recognized. Developers of a modeling program such

as the one described above might wisely censider Girault's advice and
cultivate ownership among all participauts.

Caution should be exercised that model teacher education programs
not be considered the only dissemination device. Clarke (1971} made the
following observation with tespect to model teacher education Programs
funded by United States OFfice of Educations "None of the programs planned
teacher education as something whose beginning and end were in the insti-
tution" {p. 127}. Likewise, possibilities for implementaticn of teaching
strategies joto programs of professicnal organizations, inservice programs
in public schools, state departments of education, and other institutions
beyond the university should not be overlooked.

Delivery System Development

What was the case for innmovation In school mathematics might egually
be valid for machematics teacher education innovation. The textbook by
Cooney, Davis, and Henderson (1975} which contains classification systems
of moves used in teaching mathematical concepts, generalizations, and
skills should serve textbook needs in mathematics education programs
initially. Implementation might be further assisted by development of
materials which enhance the preservice teacher's abilicy to observe these
moves in classroom settings and emulate these moves under controlled
conditions. HMaterials designed to develop observational skilis (protacol
marerials) and teaching skj2ls (training materjals) might include concise
overviews of the classification systems. They could be illustrated with
examples, concige lessons in which many of the moves are sequenced into
a strategy. and realistic depiction of classroom settings.

There is evidence of the effectiveness of protocol and training
materials similar to the ones suggested for development in mathematics
education. Brown (1974) has written:
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For several years, those of us who have devoted much rime and
energy te the creation of protocel and training materials have
been operating ¢on the basis of relatively untested assumptions.
For example, there is the assumption thatr protocol matrerials in
fact lead to the acquisition of meaningful, usable cencepts.
Similacly, there Is the assumption that training materials lead
to the acquisition of teaching skills which are likewise meaning-
ful and wsable. Both of these assumptions now have some
supportive data. WMore centrally, however, there are the
assumplkions that protocol and training materials lead to differ-
ential outfcomes and that given a teaching skill for which there
is a strong conceptual base that the combined effects of pro-
tocol and training Materials are additive. (Foreword)

The Winter 1874 issue of Journal of Teacher Education is devoted to a
discussion and justification of the place of protocels in teacher educa-
tien programs.

Dellvery system researth could be planned almost immediately on the
cffecriveness of the protocel and training macerials whose development is
suggested in this paper. This research would be component ressarch and
would be classified even more specifically as delivery system research
of the type Brown summarized. In Fact, Cooney, Kansky, and Retzer {(1975)
have wmade a case for development of protocols on strategy moves for
teaching mathematics. They identified moves which might be best to
initially portray.

A crucial question arises as to how the development of a delivery
system c¢an be [inanced. Regardless of the source of support for the
needed development, the resultant research can provide a more rigorous
evaluation of the protocols developed than the.subjective evaluation
commonly used with retent program development projects.

Context of Delivery System Research

Delivery syacem pilot studies could begin almosc simultaneously with the
building of model teather educaticn preograms. These pilot studies can
provide formative evaluation of the protocol and training materials being
developed. They can also help identify research variables, criteria, and
other elements of research design used to test the effectiveness of
delivery systems.- 3ince this subsequent delivery systems research is one
kind of research on teacher education programs, a literature search was
made to determine relationships among proposed validation and delivery
system research and prior research in teacher education. Ome gutcome of
this search is a perspective of the kinds of research on teacher education
arograms, and an indication how delivery system.research and validarion

O
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studies are related to them. There is an indication that delivery systems
research and valldation studies should be able to proceed in a friendly
environment because the concerns of these kinds of research are similar te
that expressed in Lthe broader literature. Finally, the literature provides
some challenges and spacific things to consider as marchematics educators
design their delivery system research and validation scudies. These jare
examined more fully in tyrn.

The research lirerature sampled indicates that there are essentially
three positions ysed in evaluation of teacher education programs. One
can study the effects of a component of a program or of the encire pro-
gram. Others take the position that research should evaluate a teacher
education program by study¥ing the teachers produced by ft. This type of
research seema equivalent to grudies on Leaching effectiveness and teach-
ing evaluation. Thus, cone explering rhe educational research context of
delivery system research cannot help but explore the context of validation
studies as well. Figure 2 provides an cutline of rhis percepticn as well
as a basis on which to subsume supgested research in the teaching strace~
gies movement. With respect to Figure 2, a position of this paper is that
anticipated delivery system research can be snbsumed under either compo-
nent or comprehensive research. Expected validation research can be
viewed as a subset of research on effectiveness of teacher actions, i.e.,
research on the products of teacher education programs.

Later comprehensive delivery system research on teaching strateples
can be undertaken when a suitable design has been established. Finally,
with respect to Figure 2, we note that small scale validation studies
are elements of the set of gtudies of teacher effectiveness.

Component
Research on .“‘j:::::::=-nelivery System Research
Teacher Education Comprehensive

Programs

Product =a— Validation Research

Figure 2

Developing a Research Program on Delivery Systems

Highlights of a proposed sample delivery system will be outlined, and
some aspects of pilot delivery research models will be considered. Mathe-
matics educators are challenged to centribute to the development or improve=
ment of this delivery system and subsequent research or else to develop
contrasting deiivery systems and plan research using them. Next cthe

O
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literature on research on teacher education programs and teacher effec~-
tiveness is examined ro determine what justification exists for delivery
system research and to determine some of the challenges to be faced.
Some suggestions are made for evolurion of future delivery system models,
and some justification for subsequent large-scale validation research is
considered.

A Delivery System

1t is presumed that all validation and delivery system research coor-
dinated by the Georgia Center will have common reference to the elassifica-
tion systems of moves for teaching mathematical conceptss generalizations
or skills which appear in Cooney, Davis, and Henderson {1975). This pre-
sumption is made not to inhibit the originality of researchers but to gain
the advancages which can accrue from a concentrated and coordinated research
effort with 2 common frame of reference. The sum total of research results
from the various projects should contribuce substantially to the research
literature on teacher effectiveness and teacher education system effective-
ngss. Such 2 common Erame of reference should also help clearly delineate
the nature of the research treatments. The classification systems taught
are empirically based; they categorize what mathematics teachers actually
do as they verbally deal with mathematical content. This appreach clearly
contrasts with classifiecation systems of teacher gerions based on 2
philosophy of education or a psychology of learning. It also contrasts
with teacher actions which are nonverbal or are related to incerpersconal
relationships or classroom management functions of teachers. Hence, it
is suggested that az delivaery system contain these classification systems
of moves together with rhe protocol and training materials necessary to
enable preservice or inservice teachers te attain the ability to observe
and use these moves.

A suggested perspective for this sample delivery system is that
reachers should be trained ro be observers of classroom interacrtion as
well as directors of the yerbal manipulation of mathematics content.
Observing and using strategy moves are pedagogical skiils. Hence, the¥
should be taught using a delivery system which uses such skill strategy
moves as interpretation, demonstration, and guided practice with feed-
hack.

Protocel materials are intended to develop observational skills.
Such materials can help one (2) develop the ability to discriminate the
teaching of mathematical content from other aspects of classroom inter-
action; (b) distinguish among the teaching of mathematical concepts,
generalizacions, or skills; and (c) identify sequences of moves. Lt is
suggested that the folliowing protocols be prepared for use in developing
observational skills:
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1. .a protocol which gives examples and nonexamples of teachers
dealing verbally with mathematical content and which
establishes that a teacher, a student, a teXt, an activity
card, or a multi-media presentation can gach convey subject
matter and, hence, make teaching moves;

2. a protocol which identifies the teaching of mathematical
concepts, generalizations, or else skills as contrasted with
other types of mathematical subject matter such as facts or
values;

3. protocols which depict the major categories of moves for
teaching mathematics--such protocols should be prepared for
each content category--concepts, generalizations, and skills;

4. protocols providing an illustrated overview of each move in
cach of the strategy move classification systems;

5. a number of protocols which are designed to provide enough
examples of individual clusters of Strategy moves that one
might expect the user to attain proficiency at identifying
the moves exemplified;

6. a sufficient number of concise mathematical lessons depicting
the sequencing of as many moves as possible from each classi-
ficarion system into appropriate teaching strategies to
exemplify each move in the three classification systems;

7. a sufficient number of protoceols depicting realistic sequencing
and pacing of strategy moves to exemplify each move in the three
classification systems (Such protocols could be used in practice
sessions as alterpatives to live classroom observation. They
would depict content strategies which are sequential, nested,
and overlapping, and which ate intermingled with such things
as teacher managerial or disciplinrary functions.}; and

8. protocols., similar to ones identified in 5, 6, and 7, to be used
in evaluating the extent to which teachers have developed
chservational skills.

The preservice or inservice teacher could use the above protocols to-
gether with supportive printed matter in order to learn the classifi-
cation systems and receive guided practice with Feedback on the skill
of ldentifying strategy moves.

In using the delivery system with preservice teachers, emphasis
might be placed on attaining observational skills related teo menitoring
their own teaching and identifying strategies used by authors of textual
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and resource materials {as these activities relate to the selection of
texts or activity cards). One might also stress using moves in basic
lesson planning, microteaching those lessons, and wrlting test items.

On the other hand, experienced teachers might be asked to sharpen their
teaching skills by guided practice in adapting lesson plans when the
classroom situation calls for it and in communicating with other teachers'
suggestions for teaching alrternatives and for improvement of instruction.
For both preservice and inservice teachers, one could emphasize the
observational skills that would enable them to monitor the content of
their own lessons as well as provide a cognitive description of the con-

tent

manipulation in the class of a colleague or student teacher {(as con-

trasted to the more typical affective or evaluative descriptions which
result from observation}.

Formative evaluation needs to be done during the development periaod

te help determine the proper combination of multi~media used in making the
protecols., Observirg and using strategy moves are pedagogical skills, and
it is unlikely that the printed media alone can best portruay these teaching
moves. In some cases where verbal interaction is the primary focus,
audiotapes may be adequate. In recent Years, protocol materials have been
developed in slide-sound, video-tape, 8mm movie, and l6mm movie media.
Interested researchers should acjuaint themselves with the advantages and
disadvantages of various multi-media formars and develop the best possible
protocels consistent with the level of financial support available.

The delivery system described could be used with preservice teachers

in the mathematics wmethods course which is common to all secondary teacher
education programs or else with inservice teachers in short courses, work-
shops, or extenslen courses.

Smith {1971) characterized a teacher education program as follows:

Specifically rhen, any adequate propram of teacher education
provides for (1) training in skills, {2) teaching of pedago-
gical concepts and principles, {3) developing relevant
attitudes and (4) teaching the various subject matrers of
instyuction. (p. 2)

The delivery system described would be an integral part of training in
skills and would be used in conjuncrion with the other components listed.
Smith continued: -

O
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A major breakthrough in the training of teachers occurred when
teaching behavior was conceived to be a complex of skills that
could be identified and practiced systematically under specifi-
able conditions. (McDonald and Allen, 1967) This conception
probably arose Erom advancements in technological devices for
recording and reproducing behavior. . . .Along with this
breakthrough came a new enphasis in the analysis of teaching
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behavior. . . .These twe points of view==-that teaching behavior
should be analyzed in terms of the psychology of learning and
that it shounld be studied in 4its own right=--are not contradic-
tory, as is often clalmed, but complementary. (pp. 2-4)

The perspective that teaching behavior should be analyzed in its own
right gave rise to various classification systems of moves.

Delivery System Pilor Studies

Pilot studies on the effectiveness 0f dellvery systems are neceded.
Work in teaching strategies is sufficiently new that cooperating researchers
need time and experience tov identify criterion variables, gain experience
with alternative treatments, and wrestle with philescophical considerations
of appropriate research designs. Pilot studies ¢ould be done with pre-
service teachers and simply test to see if they have achievaed desired
levels of ability to observe and use strategy moves., One option in such
a study would be to follow these teachers through initial years in the
profession to see if use of these skills is apparent. Pilot studies could also
be conducred with high school supervisors of student teachers to see if
stracefy woves are used in observing and communicaring with student
teachers. Pilot studies need not be vestricted to teacher educarion insci-
tutfons. Marhematics supervisors working for state departments of edu-
cation could use a delivery system with department chairman or orher
administrators, An effort also coyld be made to determine if strategy
moves are helpful in evaluaring reachers, :

Many reacher training institutions are moving toward competency-
based teacher education programs. MHowever, most professional teacher
organizations have consistently opposed competency-based certification,
performance-based reward systems, and accountability requirements, This
opposition seams Lo be based upon 2 mistrust of the qualifications of
those that judge and upon the common knowledge that many factors other
than teacher performance affect achievement of the learner. Delivery
system pilot studies might indicate whether it is feasible to consider
offering a counterproposal that evaluators be required to reach a speci-
fied level of observational skill on those competencies agreed to by
teachers. This would be an alternative to being held accountable only
in terms of pupil achievement.

Several challenges among cooperating researchers are readily apparent,
The construction of delivery systems is one. Another is adapting a
given delivery system to one's own need. It would seem that cooperation
in developing a delivery system and modeling it in varied contexts
represents a worthwhile challenge. In addition, delivery systems
reseatch designs must be established. Borh development and subsequent
research are necessary to maximize information and to warrant subsequent
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large~scale wvalidation studies on the effectiveness of various strategies.

Although it would be desirable to have cooperating researchers work
with similar delivery systems for the training of secondary mathematics
teachers, adaptations might be easily made for delivery systems research
with mathematics teachers at other levels. Simllar delivery systems could
be used with preservice or inservice community coliege teachers as a part of
Doctor of Arts or Ph.D. programs. The effectiveness of the delivery
system in this context could be tested further. Adaptation of the
delivery system for elementary school mathematics teachers might be con-
sidered. Since the elementary school teacher has less opportunity than
the secondary teacher to become familiar with types of mathematical con-
tent, delivery systems for elementary teachers might help chem develap
proficiency in observing and using the major categories of moves in the
classification systems.

Rasults of a Literature Saarch

Rosenshine and Furst {1971) have suggested that development and
research on delivery systems contribute te the study of teacher effec-
tivencss. The work of Cooney, Davis, aund Hendersom {1975} now makes such
study possible. Furthermore, their classification systems enable us Lo
define strategies using specific denotable behaviors--a condition that
had not been met when Rosenshine and Furst made this suggestion. Rosenshine
and Furst further suggested:

Perhaps the next scep In increasing contrel in process=-product
studies would be to stabilize the teacher's behaviar through
training so that the observed behavior would be a more accurate
reflection of the teacher’s intentions and/or the intentions of
those who prepare the instructional material. Curriculum
developers and teacher educators would have to work together on
this problem. Without such cooperative work we may continue to
have curriculum experts developing instructional packages without
clearly specifying teacher behaviors and teacher educators training
teachers in teaching skills without clearly speciiying the
instructional situations in which they will be used. (p. 62}

Using a delivery system of the kind outlined should certainly "stabilize
the teacher's behavior through training." Tile interrelatedness of
teacher actions appropriate to teaching specific mathematical content
should permit us to do research in which both the content to be taught
and the expected teacher behaviors are clearly specified.

An indicatioen of the potential value of the subsequent large-scale

validation studies is that they may provide information which Turner
(1971) indicated is needed.

O
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A recent experiment by MNuthall (1968} indicated chat although

a particular maneuver or strategy of teaching may facilitate
the learning of one particular concept, it may not facilitate
the learning of another. Thus the consequences of particular
manauvers are at present hard to predict since they interact
with the substantive toplc. HNonetheless, the way in which the
teacher maneuvers within a particular topical venture may be
regarded as potentially criterial for the assessment of teacher
pecrformance, although substantial work remains to be done te
speclfy relationships between particular kinds of maneuvers and
partlc?lar types of ventures in specific subject areas.

(p. 23

Research literature reflects an increasing disenchantment with find=-
ing an association between teacher performance aund personal/social
factors such as those measured by the Ryans' Teather Characteristic
Schedule or the Minnesota Teacher Attitudes In:entory {MTAT). Indica-
tions of this have been piven by Turner {1971) and can be seen in the
following quote Erom McMeil and Popham (1973):

The single most important deficliency in research on teaching
effectiveness is the Fallure to use outcome measures as a
criterion and, instead. to rely upon a priori measures of
a teacher's personal attributes such as his personalicy
or education, his background, or the measures of iastruc-—
tional processes such as his instructional strategles or
his verbal behaviatr in the classcroom. When one considers
the idiosyncratic background of teachers and pupils. the
great range in typical lnstructional objectives, and the
Immense variation in the environments where teaching occurs
it is unlikely that any processes or personal atiributes on
the part of teachers will invariably produce pupil growth
.Systems for guiding the observations of teachers and
pupils interacting are legitimate rools for obtaining a
more accurate account of what is taking place during
the teaching act. (pp. 220-221)

The classificatlon systems ln the delivery system desceribad earlier should
enable researchers to obtain an accurate account of the teaching act for
research purposes.

Thus, there are preliminary indications that an eveolved delivery
system research design can provide 2 basis for improved educational re-
search. It provides a Framework for the study of teachers' actions (as
contrasted with attributes). Further, i¢ contains a clearly specifiable
and observable set of moves From which cne can sequence moves in order
to study the relative aflectiveness of stratepies which are bound to
wathematical content. Wlth this in mind. it might be profitable for
cooperating researchers to further examine the historical research context
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which delivery systems research and subsequent large-scale validation
studies would build upon and contribute to.

Challenges in Structuring Delivery System Research

Among the considerations which are crucial to evolution of research
designs for delivery systems research and subsequent large-scale valida~
tion studies are (a} the "can do/will do" phenomenon which appears in
teaching, (b) differences in perspectives on what constitutes teaching
behavior, {c) desirability of student learning as a criterion variable,
and (d) the philosophical quandry aboui the relationship between teaching
and learning. These are examined in that order.

An initlal problem confronting researchers willl be to ghow that a
preservice teacher can perform teaching moves in a sensible sequence.
Another type of research would be to incorporate treatment as a part of
a total preservice Leacher education program and determine if teachers
will use stratagies as defined by teaching moves. One could use as cri-
terion variables preservice microteaching performance, teaching acts
of the ilnservice reacher, or else something related to student achieve-
ment .

The search for criterion variables is a challenging and serious one.
A design in which preservice teachers are expected to demonstrate that
they can perform certain Strategy moves would utilize a concise and
manageable criterion variable. Studies using such a criterion variable
should be done to supply an existence proof that one can traln teachers
to use teaching moves.

There is a nagging conoern about the value of such a criterion

varlable. If such research were proposed in K-12 mathematics rather
than in teacher education in mathematics, the corresponding treatment
would be teaching a mathematical skill, and the corresponding criterion
would be a demonstration of student achievement. Be.ause 50 many mathematics
education experiments on elementary and secondary curriculum during the
development of 'new mach' curricular materlals provided evidence that
students can leatn various concepts, principles and skills of mathematics

" at various levels, Bruner was inclined to enunciate an axiom paraphrased
as, "Any subject matter cam be learned at any level provided it is put
in appropriate form." To what extent this presupposition can be generalized
to teaching skills at the college level with preservice teachers is a
question the potential researicher will want to wrestle.

If, on the other hand, the ecriterion measures are related to observ-
ing a trained teacher within a few years after he has received his train-
ing, we have implications of both positive and negative results to weigh.
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Positive results would indicates that a teacher who was taught mowves within
stratepies for teaching marthematics concepts, ptinciples, or skills not

only can, but will, use them in teaching mathematics. One would have to
structure his design so as to tell, if possible, whether this teaching per-
formance was because of training in using strategy woves or in spite of

such training. In the latter case, the use of the moves may be the result
of uncensciously doing what seems to be appropriate--the kind of appropriate
teaching which produced the classification systems in the first place.

if after a few years, teachers were not using sirategy moves, how-
ayver, additlional gquestions would be railsed, It is a well-known fact in
human behavicr that what people will do in an unstructured Eree chaoice
situation is considerably less than what they can do 1in a structured
situation where certain kinds of performance are expected of them. Without
adequate data to predict a "usual" can do/will do loss, inadequate perfor=-
mance of teaching moves would be difficult to attribute to inadequate tea-
cher effort or te an inadeguate training program.

The question of a conceptualization of teaching is also a challenging
one because it relates to treatment variables, Smith (1971) {dentified
a perspective for research on teacher education and related controversies,

What is research on teacher educarion? In a sense this question
is naive, for everYone must know already what teacher education
is and that research on it is simply the systematic study of
problems that arise in the course of carrying it on. Geuerally
speaking, research on teacher education attempts to answer the
question of how the behavior of an individual in preparation for
teaching can be made to conform to acceptable patterns.

The various conceptions of teaching have given rise £ theoretical
controversies, which in turn pose the question of how teaching is
to be conceptualized for research purposes. . . Despite all our
efforts, we apparently have no generally accepted conceptual
system, psychology or otherwise, by which either to formulate

or to Ildentify the gkills of teaching., Forrtunately, the lack of
such a system deoes not preclude research. . . . On the other

hand it is clear that research would be advanced measurably by

a conceptual system for formulating and idenrifying teaching
skill. {pp. 2-4) .

Several authors might be cited which relate to Smith’s parspective.
Teaching behavior is a central focus in some wodel teacher education pro—-
grams. Johnson, Shearron, and Stauffer (1968) made the following
observations regarding this focus.

T Gem's [Georgia Education Hodel] position is that the tescher
education program should be designed in relation to tie job
the teacher is required to perform in the classroom. By
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defining what the job actually is, the compefencies necessary
to perform specific tasks may be adequately determined. In
other words, it would logically follow that the content of a
teacher education Program should be based on the teaching

act itself. {p. 5)

There are contrascing cpinions on how teaching should be characterized
for reseatrch purpose. Oreen (1971} used the method of analytic philo-
sophy to conceptualize vzaching. He stated:

In order te find out what teaching is by cbserving someone
doing it, we need to know what teaching is already. .

In analyzing a practical activity like teaching. the aim is
not to invent Some new concept or ideas of teaching, nor even
to speclfy what people ocught to mean by "teaching." The
objective is rather to study, clarify, and more thoroughly
understand the idea of teaching that we already have. {p. 3)

Johnson, Rhodes, and Rumery (1975) noted that no acceptable conceptual
system exists for characterizing teaching:

The current appreaches to the evaluation of teaching can

ba grouped in three broad categories: {1) measurement of
learning outcomes presumed to be the result of teaching:
{2} measurement of teacher characteristics presumed to
facilitate learning or the attainment of other possible
educational goals; and {3) analysis and measurement of
relevant catepgories of pedagogical behavior. In the
sections of this essay that follow, we will attempt to show
that these three approaches to the evaluation of teaching
have "reached a dead end," not because they have been tech-
nically misapplied but because they are fundamentally mis-
directed. However, all three of these.approaches alao
share two basic problems: (1) the absence of adequate
theoretical development or integration and {(2) the confusion
of measurement with evaluation. {p. 176-177)

It is this "absence of adequate theoretical development or integration"
that offers machematics educators an opportunity to concribute to a
theory of teaching which can clearly enunciate a position on its con-
ceptualizaticn.

A third consideration relates to the desirability of student learn-
ing or student gains as a criterion variable. Peck and Tucker (1973
wrote:

One long-needed methodological advance is beginning to appear
in research: the yse of pupil-pain measures as the ultimate
criteria of ethe effectiveness of any given process in teacher
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educarion. These include affeceive and behavieral gains as
well as gaing in subject mastery. (p. 943)

Rosenshine and Furst (1971) used "process-product studies" to describe

research whose criterion is what Peck and Tucker described as “long-needed
methodological advance. . .pupil-gain measures.' They cautioned:

The results ¢of process~product studies must be treated with
caution because these are correlational, not experimencal.
studies. The results of such studies can be deceptive in that
they suggest causation although the teacher behaviors which
are related te student achievement may be only minor indica-
tors of a complex of behaviors that we have not yet identi-
fied. (p. 42)

Yet Rosenshine and Furst seemed to encourage a continued investigation of
the relationship between reacher behaviors and consequent grudent learn-
ing in the following Passage:

The descriptive behavioral data obtained from these classrooms
studies is then compared with what educators beljeve "should"
gceur in classrooms. Teacher training then becomes a procedure
for closing the gap between the behaviors which dg eccur and
the behaviors which educators believe should occur by training
teachers in the desired behaviors. . .Unforctunately, the rela-
tionship between the teacher behaviors advocated by educational
exparts and the consequent learning by students has not been
thoroughly investigated. {p. 239)

McNeil and Popham {1973) gave some indication of the widespread accepta-
bility of studeut learning as a criterion variable by stating:

A Focus on pupils reveals far more about the effectiveness of
teachers than does direct study of teachers themselves. . . .
Support for the position that the ultimate criterion of a
teacher's competence is his impact upon the learner has been
affered by a number of individua} researchers as well as
professional associations. f{p. 218)

But McNeil and Popham (1973) also gave us a hint of the difficulties in
accepting pupil learning as the chief criterion of teacher effectiveness.

But reservations in accepting pupil change as the chief
criteria of teacher effectiveness have arisen both from
technical problems in assessing learner growth and
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from philosophic considerations. Chief among the former

are concerns about the adequacy of measures for assessing

a wide range of pupil artitudes and achievement at different
aducational levels and in diverse subject-matter areaS,

. + .failure to account for instructional variables that

the teacher does not control, . . .and unrealiability in the
results of teacher behaviors that iss inconsistent progress
of pupils under the same teacher. . . .Philosophic differ-
ences, of course, underlie quastions about the selection

of desirable changes to be sought in learners. {(p. 220)

Let us examine one such philosophic difference. Johnson, Rhodes,
and Rumery (1975) asserted that measurement is confused with evaluation.
These authors indicated that the use of the term "evaluation" seems to
imply the requirement of a normative theory since value judgments are
necessarily involved. They pointed out that the common use of the
word "measurement™ is essentially descriptive, not Formative, Thus,

a crucisl aspett of evaluation of teaching ils the establishment of the
relative worths of alternative outcomes. Researchers should make the
value system upon which they base teacher evaluation explicit.

Johnson £t al. (1975) alsc examined and refected several possible
connections between teaching amd learning.

The logical basls for the use of measures of student attain-
ment as either proximate Or ultimate criteria of teacher
effectiveness seems to be represented hy the hoary slogan

if the student has not learned, the teacher has not taught or
as 1s sometimes succinctly stated, "no learning, no teaching."
{p. 179)

They claimed that the logical basis for the criterion of student attain-
ment is the contrapositive of "Teaching implies learning.”" This would
be a false imPlication if we will admit to a situation where teaching
does take place with learning not taking place. We would want to reject
teaching as a sufficient condition for learning. Elementary logic texts
warn students not to identify "implies” with "causes.” While "Teaching
causes learning.'" is a relationship to be considered, we would probably
want to reject it on the same basis for which we reject "Teaching implies
learning.”

Johmson et al. (1975) seemed to make the logical error of reconstruc-
tiug "IF a student has not learned, the teacher has not taught.'" as "Teach-
ing has occurred 'if and only if learning has occurred.” Apparently, they
then rejected the resulting equivalence with a plausible example of learm-
ing without teaching (which, incidently, would better falsify the proposition
"Learning implies teaching" but which adequately falsifies the equivalence).
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Johnson et al. (1975} characterized Dewey's position in How We Think
(1910) as suggesting that teaching and learning are correlative aod com~
parable to buying and selling. But they insightfully pointed out thar
nothing bought has not been sold. It is unreasonable to assert that
nothing learned has not been taught, They admitted that:

There is an admittedly pjausible sense of which if we do not
intend that students learn a3 an ultimate consequence of
what we call teaching acrivity. then to engage in teaching
would be odd behavior indeed. But buying and selling have
a similarly loose sense. It is plausible to say that in
the market there are buyers and sellers who cannot always
buy or sell even though this is what they intend. Both
teaching-learning and selling-buying lack precisely that
necessary connection which they must have if we are to make
warranted inferences from cne to the other as evaluation by
cutcome purporks to do. (p. 181}

Another possible connecrion might be on statistical rather than logi-
cal grounds. According to Johnson et al., "teaching wmay be considered
effective to the extent that it increases the probability of specified
learning outcomes" (p. 182). But this belief must be subjected to the
test of showing that other alternatives to the observed learning are
less plausible or probable, e.g., cheating.

Enough literature has been examined to question the criterion of student

'Learning. It 1s hoped teaching strategy researchers will give some attention
to this question also.

Future Directions for Delivery System Research

Once philosophical and design questions have been settled and
effective strategies are idencified, observational schemes could be
enlarged to include aspects of classroom atmosphere and interaction
other than content manipulation. Current studies have focused only on
content manipulation as defined by teaching moves. Rosenshine and Furst
{1971) pointed our that current observation instruments do not record the
context of the teaching act, for example, assignments students wrote or
the physical enviroament of the room. They sugpested that observation
Instruments be modified to record a distinction between a teacher's aca-
demic directions and disciplinary directions and a distinction between
a simple repitition of a student's statement and a3 teacher's summary of
it. Furthermore, they suggested it may be interesting to Study time or
frequency as the anaiytic unit. Rosenshine and Furse (1971) also suggested
the desirability of having instructional periods ranging from 15 minutes
to 10 one-hour daily lessons. Such perlods may allow researchers to
better focus on specific aspects of the reaching act such as explicating
new material or contending with classroom management problems.
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Eventually, research on entire teacher education programs should be
conducted. Clarke (1971), in a review of research on teacher education
programs, noted the immense complexity of variables in such reseatrch.
Some of these variables {referred to as presage variables) include
decisions which precede the design of programs, the contexts of programs,
cybernation or self-corrective devices, ov the question of who controls
the program, the nature'and extent of the boundaries of teacher educatiom,
and selection procedures. In addition to these presage factors, Clarke
also identified product factors. Clarke made the following observation
with respect to product Eactors as they relate to research in teacher
education programs.

The product factors, or teacher behaviors to be produced, were
specified in many of the sources reviewed. Designs to evaluate
these behaviors were not, on the whole, well-developed, with the
exception of one model teacher education program. Evaluation
and feedback on the process of teacker education changes still
need to be made in the individual candidate's behavior, while
evaluation and feedback on the product call for corresponding
activicies in the light of the candidate's performance in the
Fieldd. {(p. 153)

In supmary Clarke noted that

the prospects For research on teacher education programs are
bright. The Models have provided considerable development

of theory. Modules lend themselves to micro research. There
is a ferment of activity in teacher education. The most
difficult area is research on the total program in terms

of success in the field. It is suspected that studies of
this nature often remain unpublished. {p. 154)

The lack of comprehensiveness in designs of the models was péinted out by
Clarke as follows:

The common complaint is that the content and treatment are
too Erequently designed to prepare the student for further
study of the disciplines. {p. 125)

Considarably less than half of the designs are proposals
for the preparation of teachers reviewed includes

serious consideration of the integration of the general
education, subject matter and related discipline componants
into a total program of teacher education. {p. 127)

Finally, we return to the thought that a desitable cutgrowth of
delivery systems rvesearch is the training of an adequate number of teachers
tor large-scale validation studies. These kinds of studies have justifi-
cation in recent research literature. ’
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Rosenshine and Furst (1971) pointed out weaknesses in some of the
more recent subject matter studies and wmade a suggestion.

We need studies in which {1) the teacher is the statistical unit

of analysis; (2) teachers or classes are randomly asigned to treat-
ment; (3) observational data are obtained on the fidelity of
teacher behavior to experimental or contrast treatment and on

the behavior of the student, while similar observational data

are obrainad on events in the classrooms of teachers who follow

the normal procedures; and {4) student performance is assessed

by a variety of end-of-course tests. . Such studies are rare.

To date, we have found no more than ten studies which satisfy

all four criterion. The scarcity of such studies is not surprising
because conducting them invelves enormous problems of methodology,
administration and teacher training. (pp. 41-42)

Their suggestion helps justify the goals of large-scale validation studies
and comprehensive teacher education delivery system studies Suggested in
this paper.

Summar

The structure and major points of this paper could be summarized as
follows. An attempt was made with the fable of the ltopia States to
establish, by analogy, a perspective of the stratepies for teaching mathe-
matics movement=--hoth its concetn and its current status. Agreement om
concerns and status is a prerequisite for future cooperative efforts in
research.

At appropriate stages, research needs to be of two types: wvalidation
studies and delivery systems studies. The validation studies are research
on the effectiveness of strategies which are described in terms of the
Cooney, Davis, and Henderson (1975} classification systems of moves. A
decislon needs to be made as te when a sufficient number of validation
studies have been done to warrant moving toward delivery system research.
Delivery system research would incorporate strategy moves in a mathe-
matics teacher education Program and do research on the effectiveness
of the resultant teacher education program. Prerequisites to delivery
system research are the implementation of strategy moves inteo teacher
education currlcula and the development of companents of that delivery
system which can facilitate this implementation. The literature on
teacher education programs indicates that implementation of teaching
strategy moves need not wait until a complete set of validation studies
are completed. Cutrent teacher education programs generally are based
on subjectlve judgments of reacher educators rather than on components
which have been shown effecrtive by research. Modeling is suggested as
a dissemination device. TImplementation, program develcopment, and
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modeling are seen as prerequisites not only te research in teacher
education but larger valldation studles where research pPopulations can
be teachers rather than students.

An attempt was made to prasont 2 picture of the larger context into
which validation and delivery systems research woeld f£it by sampling
pertinent literature on the effectiveness of and evaluation of teaching
as well as research on teacher education programs. A sample system was
described , and the nature of pilot studies on its effectiveness was
explored. Good teacher educaticn studies are relatively recent
delivery system research on strategies for teaching mathematics should
be a welcome addition to char research--if one can judge by the concerns
and suggestions of reviewers of current research.

Challenges related to research design were examined. One type of
teacher education research attempred to determine if teachers can perform
as they are instructed. The question was raised concerning the value of
similar research with respect to performance of teaching strategy moves
and cowcerning research which will demonstrate whar teachers will do as
conrrasted with what they can do. The absence of an agreed conceptual
framework on the nature of teaching upon which to base research was noted.
The promise as well as the reservations about pupil gain measures as
criterion variables of teacher effectiveness were examined. The question
of the relation between teaching and learning was raised because of the
attention the literature has given to learning as a criterion variable on
validarion studies,

Piscussion Questions

To help us determine {a) the accuracy of the perceptions expressed,
(b) the desirability of the goals outlined, {c) the validity of the
suggested sequential order of the tasks in a cooperative effort, and
(d) the adequacy of coverage of challenges in developing appropriate
research designs, the following discussion questions are offered. The
hope i3 that discussion of these points ecan help the coordinated efforts
necessary to forward the movement on strategies for teaching mathematics.

1. Does the Utopian fable represent an accurate analogy of the status
and concerns of the researchers in the strategies for teaching mathematics
movement?

2. What kind and amount of evidence from validation studies would
adequately justify structuring teaching by explicitly using straregy moves?

3. Is delivery systems research needed concurrently with additicnal
validation studies?

4, Are implementation efforts necessary prerequisites to desired
delivery systems research?
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5. Does estabiishment of model teacher education programs offer the
most promise for dissemination efforts?

6. 1Is development of protocecl and trainiung materials a necessary or
desirable part of implementation and dissemination efforts?

7. Would studies establishing whether preservice teachers can use
strategy moves be a valuable type of delivery systems rescarch?

8. Ac what stage should delivery systems research be designhed which
observes what teachers trained in using sttategy moves actually do in the
mathematlics classroom and the resultant effects upan their students?

S. What should be the role of researchers on teaching stractegies in
development of protoecol and training materials and in persuasive writing
which could be used in dissemination efforts?

10. Should the strategies for teaching mathematics components of reacher
education programs be the only ones tested in delivery systems research?
Should vesearch be designed which tests a comprehensive teacher education
program taking into account such things as mathematics couwrses, education
courses, and influences of other agencies such as professional organizations.
state offices of education, and certification boards?

11, Which of the following should dissemination efforts be directed
toward: ‘teacher education instituticons, departments of mathematics,
departments of mathematies education, departments of education, offices
of state superintendents of public {ustruction, teacher certification
boards, or professional organizatic.s in mathematics education?

12. What is the relatiouship between teaching and learning, and how can
anticipated research contribute to knowledge of that relatieonship without
falling into possible pitfalls of prior resencch?

Discussion of these points may belp us in organizing and coordinating
our research efforts.

Let us begin the immediate tasks of developing a teaching strategies
deiivery system, implementing it in several teacher training institutians
while simultaneously doing pilot studies on its effectiveness. OUnly then
can we supply enough teachers to do the needed larpe~scale validation
studies and subsequently produce adequate delivery research designs. Let
us accept a challenge to cooperate in these tasks which can contribute
to a theory of teaching and to estahlish a firm basis for the education
of mathematics teachers.
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The Materials of Teacher Training
David Gliessman

Indiana University

In the vocabulary of this wonograph, the task of this paper is to
address the questlon of how te implement effective procedures for training
mathematics tesacl..rs to use sprerfied teaching moves and sStrateples in
seacher cducatisn pr .prams. Stating the proeblem In this way places it
squarely within what Retzer, in this moaograph, refers to as "the develop-
ment of a delivery system."” This is a particularly good point of departure
boecause it is alse o 2ritical junccure: Successful implementntion is partly
a test ot the foresight that hos been shown in developing usable training
nrocedures: i such foresighrt has been lacking, and implementation is
unsuccesst il, the most effective training procedures arc inconsequential.

Te begin with what is probably an unnecessary word of caurion., there
clearly are difficuities ip i{mplementing new procedures within ongolng
programs. In teacher education, Introducing and successfully instituting
change is a mactar about which some have hypothesized and many have despalred.
As an example of just how intractable some Feel the problem to be, an
academlce division in the auchor's own instltution has even established a
contentration in "Diffusion and Adoption of Innovations.” The implicaticun
of that kind of action is clear; mathematics educators will not be the
first nor the last ve try to bend, mutilate, or fold the “delivery sysrems”
that we have all heclped to sustain.

So much for the scope and complexity of the problem. FLet us examine
now one hypothesis about aflfecting change in teacher educacion that has
guided the work of a significant number of people, historically those
associated with the avdio-visual or instructional media area and more
recently, content specialists themselves. Briefly, this hypothesis is
that the creatlon of new macerials is an effective way of changing the
trainlng of teachers. A vecent and highly influential argument for such
"material~based training" was posed by B. Othanel Smith in his book,
Teachers for the Real World (1969}. In this volume, he defined the need
for two kinds of materials: "protacol materials" designed to ceontribuce to
the development of competence ip interpretation and “training materials™
designed to contribute to the development of skilled performance. Even
though certain empirical evidence has blurred the distinctlon between
these two kinds of macerlals as separate types (Kieucker, 1974), the
essential acgument for the necessity of new materials for training remains.
In this paper. the author will pose some gencral propositfons about the
design and developwment of naterials for training, basing chose propositcioas
on hoth the psychrioglcal and practical dimensions of the problem. As the
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implicarions of these propositions are explored, a rationale will alse

be developed for basing innovation in training upon innovation in materials.
In fact, considerations of design and rationale will be interwoven through-
out.

To a significant extent, the discussion in thls paper will draw upun
the work of the Wational Center [or the Development of Training Materials
in Teacher Education (based st Tndiana University) and of several projects
associated with the Protocol Materials Development program. Under United
States 0ffice of Education funding doving the past four or five years,
those associated with these proiecis have struggled valiantly (and some-
times successfully) with the problewms of conceptualizing, designing, pro-
ducing, and evaluating protocol and training materials for a variety of
concepts and skills at different grade levels and in different subject
areas. aAs a participant in and observer of these efforts, the author has
developed some hypotheses, reservations, hunches, and convictions that
might well be sifted for the wheat and the chafF. '

Some Matters of Definitien

First, we should attend to a few definitions., The term "materials”
is used {n this paper to refer to the full range of media including, for
example, print, motion picture, audiotape and photographic srilis. ‘The
term "matevials for training,” on the other hand, is restrictive, Tt is
meant to refer to chose matecrlals that are net primavily informarional
in purpose. Rather, such materials are intended to develop certain
functional skills ranging from observational or interpretive to perform-
ing. In other words, "materials for training” way be designed to coqtvi-
buke to interprecive competence or to skilled performance or te berh. In
terms of content, such materials are likely to confront the trainee with
the recorded behavior of teachers and pupils. For the purpose of develop-
ing interprerive competence, the behavior portrayed should illustrate or
exemplify clearly defined concepts about teaching, about learning, or
abour the substance of a conteat area.l For the purpose of concributing
to skilled performance, the teacher behaviors portrayed might usefully
illystrate specifiahle teaching skills of clearly apparent utility in the
ciassraom. A major practical outcome of this emphasis on the partrayal of
behavior is that many materials for training will take the form of such
audio-visual media as film or audictape.

To further clarify the distinction between the informatiocnal and
training purposes of materials, we might consider an lllustration [rom
the field of educational psychology. In the social-psychological area

lMaterials that successfully meet this criterion of ''concept instancing"
are penerally classifiable as "protocol materials.”
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of that discipline, techniques for describing group relationships have long
been nf interest. One such technique. that of "sociometriecs," is a ques-~
tionnaire~based method for pathering and plotting data on the status of
individuals in a group. This easily gathered data yields information by
means of which a teacher may locate students in such categories as 'social
isolate' or "neplectee." Many textbooks in educational psychology treat

the sociometric technique in an informational sense. They may even show

a completed plotting of data, attach labels to given categories, and discuss
the signiflicance of the results. MNo textbook of which the author is aware,
however, actually purs the learner through the process of organiving.
Plocting, and interprecing "raw sociometvic data’ alrhough this can be fair-
ly easily done., In terms of the definition in this paper, textual material
incorporating the latter characteristics could be classified as "materials
for training‘" 1t is probably safe to say that most current instructional
materials in teacher educaticon are in Fact informational in character
{including more than 2 few that are inappropriotely classified as "training
materials"), 1t is this emphasis on "information giving'" that mighr lead
one tn conclude that even many ~ducational films, for example, are not
classifioble as "materials for training."

Degigning Materials for Training

Let us turn next to the development ofF materials For training wich
particular reference to moves and strategies in teaching mathematics.
Here a note of caution is in order. The development of such materials
presents a number of conceptual. design, and technical problems. The
present paper, however, will concentrate on the problems of designing
and preducing materials for training. The conceptual problems, such as
defining and analyzing the concepts or skills to be portrayed, are the
tusiness of the content speciallst. In terms of this monograph, these are
problems for the mathemalics educator.

The problem of design is cne with which both the cantent specialist
and the technical ovr medis specialist must contend because both the nature
of the conceptual area and the anature ofF the medium influence the design
possibilities. Work on this task might well be guided by some very
general suggestions from the psy:holopical literature on the acquisition
of concepts and skille., TIn the follewing section, a few genaralizations
from that literatuie will be summarized. in a later section, we will
consider some practical puidelines suggested by probable conditions of use
in teacher education programs.

Sugpestions From Tsychology

Three yeatrs ago, the Natlonal Center commissioned an educational
psychologist, Bryce B, Hudgins, to survey the major literature on the

Q 178
ERIC

Aruitoxt provided by Eic:




E

RIC

-174-

acquisition of complex skills and to draw from that literature implica-
tions for the design of waterials to be used in the development of )
skilled performance. Tn this section, we will consider some major points
From Hudgins' study: a more thorough analysis is provided in his mono=-
graph (Hudgins, 1874). The general recommendations that he makes about the
development of complex skills {such as learning to use teaching moves and
strategies in mathematics) may not seem very surprising. This is, in

fact, a case where the implications of research are supported by a certain
correspondence wilth common experience.

Hudgins identifies three major stiges in the development of skilled
performance:! an overview or informational stage in which the trainee
develops a general perspective of the context in which the behavier is to
be performed; a practice or performance stage where he or she has the
opportunity to exhibit behaviors, within either simulated or actual con-
ditions; and a "feedback" stage in which the trainee gains information
about the efficiency and skill of his or her performance. In the event
thar these stages seem overly general, remember that Hudgins® argument for
their effectiveness rests upon two additional and critical conditiomns: (a)
the refinement atd precision with which a complex skill is analyzed for
the component behavivrs to be practiced and (b} the arrangement of extended
and intensive rather than occasional or incidental practice. Within this
set of generalizations, there may well be implications for the developrient
of skill in the teaching moves and strategies of mathematics. At this point,
it is sufficient to note that the teacher trainee, according te this train-
ing model, would proceed through (a} an overview of teaching moves within
teaching scrategies and perhaps an overview of teaching strategies in the
context of a lesson, (b) practice both in making moves and using strategies, and
(¢} some feedback on the skill of his or her performance in both.

Within this general craining model, there are also seme evident, and
less evident but interesting, occasions for the use of materials. In the
first stage of che model, for example, the use of protocol films illustrating
specified teaching moves or stratepgies could clearly establish these moves
or strategies as definable behaviors and, at the same time, provide an over-
view For the trainec to gain a general perspective on teaching moves and
strategies in the context of classroom teaching. In fact, the raticnale
for such a protocel film series has been recently developed by Cooney,
Kansky, and Retzer {1975). 1In their very interesting monograph, the authors
specify a selection of concepts referring to ceacher behaviors, or moves,
that are instrumental in teaching specifiad concepts in mathematics. They
have alsoc produced a "rough draft™ videctape demonstrating the utiliv- of
protocol films in mathematics educivion.

In the second and third stages of this training model, those of
practice and feedback, there is ancther interesting opportunity for the.
development of materials. At the National Center, there has been some
encouraging practical succass with a highly simulated training, techul-
que that provides an opportunity fer cthe trainee to respond under mouified
"feedback" conditions. Working in the general area of developing ghill
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in reaccing teo pupil Tesponses, several associates of the Center have
constructed pilet printed manuals and audiotapes that present bits of
classroom dialogue, or interrupted classroom dialopue, with actual

" teacher reactions either omitted or delayed. The trainee is requived to
construct, in either written or oral form, an appropriate reaction to
each student response. Informational feedback 1s provided for the trainee
through brief editorial comments suggesting one or more aspects of a stu-
dent's response to consider in constructing a reaction and through providing
the teacher's actual reaction after a delay.

Our experience with this technique, along with the successful use of
comparable simulated methods by othevs (see for example Borg, 1975b),
suggest that it is a promising traininp method. Tt is interesting to specu-~
late about the application of such a simulated technique to the acquisiticn
of moves in teaching mathematics. TFor example, correct and incorrect pupil
responses to specified teaching moves might be Filmed, the trainee being
required to comstruct successive or alternative reactive moves in such a
simulated form as audio-recording.

Let us return once more to the matter of developing films illustrating
specific moves and strategies. As in che case of skill acquisition, there
are certain suggestions in the literature on concept acquisition that might
provide useful guidslines for design (Clark, 1971; Ellis, 1972; Hudgins,
1972). 1If a specified concept referring to a teaching move 1s to be illus-
trated on a prdtocol film, For example, che behavior refarred to by thac
concept should initially be isclated as much as possible. This calls for
a very brief filmed excerpt with a sharp focus on the relevant teacher
behavior. Examples as well as nonexamples of the concept should be
contrasted, examples predominating in frequency. The behaviors referred
to by the concepc should be varied across teachers or pupils and across
classroom settings. Ultimately, but not imitially, the behavior referred
to should be presented in a relatively "noisy” or complex setting. Obvious-
ly, chis maximizes the similaricy becween the training condicion and the
transfer condition (i.e., recognizing behaviors in actual clagsroom settings).
Finalliy, the relevant attributes or indicators of the concept should be
"highlighted" a8 much as possible.

Orce again, of course, these suggestions should be treated as guide-

» lines rather than as prescriptions. TIn our own work, we have modified
chem or varied chem depending upon considerations pertaining to everything
from the dimensions of the specific concept to the aesthetic quality of the
film. At one time or ancther, however, these varied suggestions have all
been met in the protocol Films on teacher-pupil interaction developed
through the National Center arid the Indiana University Protocol laterials
Project. Viewing these f£ilms does provide one or more concrete examples of
each of the above specifications (see Gliessman, 1974}.

Implicit in our analysis to this point have been several arguments for
the development of specially designed materials as a basis for craining.
These might be briefly summarized. Materials that are produced in an
auditory or visual format have the unique capacity of directly portraying,

1890

ERIC '

Aruitoxt provided by Eic:




-176-

behaviors that illustrate concents or model skills. The expectation is

clearly that the use of such materials will contribure to the acquisition

of concepts and of teaching behaviors. 1In the case of concept -acquisition,
particularly as evidenced by the ability to identify the referent behaviors

in recorded teaching episodes, there is a growing body of empirical evidence

that confirms this expectation; the systematic use of well-designed proto~

cel materials does lead reo concept acquisition (Cooper, 1975; Gliessman, .
Pugh, & Perry, 1974).

There is also evidence that the use of printed rranscripts and of
films, in conjunction with wmore or less highly simulated practice, results
in the acquisition of specified behaviors by teachers (Borg, 1975a).
Finally. there is evidence that viewing and analyzing specified teaching
behaviors on film results in as frequent use of those behaviors by trainees
in a simulated teaching setting as does overt practice with feedback
(Kleucker, 1974). If such results continue to be replicated For rthese and
other teaching behaviors, the combined effectiveness and efficiency of well-
designed materials fer training should attract increased attention in
teacher education programs.

Suggestions from Practice

When we turn to the problem of instituting eor implementing new train-
ing, procedures in teacher education programs, an equally strong case can
be made For the development of materials. In acrempting to implement
or institute a new procedure, it is instructive ro ask exactly wvhat the
agency or vehicle of that implementatcion is to be. Obviously, instituting v
a training procedure depends ultimately upon knowledgeable pesple, either
specialists in that procedere who assume responsibiliry for instruction
or those already responsible for instruction who become specialists in
that procedure. Beyond rthis, however, the possibilities are clearly
limited. The specialist (in this case, the mathematics educator) can,
for example, describe a teaching move, show or display that move, or put
someone through that move. [deally, perhaps, he or she would work
through some combination of these. Predicting that inirially there will
be few specialists and many novices with respect to moves and stracegius
in mathematics, the practical limitatiens of depending upon such personal
intervention as a means of "inservice training" become ocbvious. At the
sante time, the usefulness of well-designed material for training becomes
clear. The author's hypothesis is that distributable materials that
poertray teaching moves and tvaching strategies can be instrumental in
accomplishing the broadest possible dissemiration.

<

it is also instructive to view materials from the perspective of
research on teacher training. In his paper, Retzer discusses the impor-
tance of "delivery system research.” TIn so doing, he calls our atrention
to the need for empirical studies on the outcowes of tralning in reacher
education. From this perspective, materials for training may profitably
be viewed as components of training or treatment variables (Gliessman &
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Ingersoil, 1974). The difficulry of drawing inferences from, to say
nothing of replicating. the results of much research In teacher training
is partially due to the paucity of dezcriptions of the conditions of
training. Materials for training. being concrete and distributable,

can significantly add to the descriptive detall abour the training rcreat-
ment. Such matervrials ¢an alse provide the veseavch worker with added
practical contvol over the conditions of training.

Just as well-designed materials can affect practice, the problems
posed by the conditions of practice have clear implications for the
design of materials. [In this paper, we have already attested to the
difficulty of institutiog any new procedure in teacher education. ECon-
ventions of administration, habits of instruction, and complexities of
Instructional service are likely to present many points ¢f resist: e,
What is surprising is how developers of new trvaining procedures, and of
materials for training. seem to confound these existing problems of
implementation by a lack of foresighi in design. & carefully validated
set of materials for training is of licrrle consequence if it is so volu-
minous, so detailed, or S0 intricate that it is impractical for novmal
classroom use. Lt i{s pruvbably an exaggeration to say that a complex set
of materials that is clearly superior to other materials for achievinp
an intended outcome will go unused because of that complexity. It is con-
celvable thar a new tralning procedure might be so demonstrably superior
in its effects that it would be widely adopted whatever logistical problems
ir posed. Ir is much more likely, however, that we ave really talking
about the creation of materials and proceduras that produce results equal
te, ar perhaps somewhat better than, an alternative set of wmaterials or
proceduras. Because of rthis, efficiency in design becomes important,

During the past four years. the author has had occasion ro look
through a number of newly developed materials for training. The impressir
they convey is not generally positive., They are frequently too long. too
“"home made” in appearaace, and toc complexly organized to be of practical
use. One must remomber also that many, probably a majority. of these same
macerials are unvalidated in terms of their stated outcomes. The general
prospecr is not reassuring. '

Moro systematlc evidence of this kind was recenkly repeorted by three
National Center associates who studied the probable utility of a wide
range of existing materials for training in insepvice setcings (Ingersoll,
Jackson, & Walden, 1973}, Ideally, of course, such materials should be of
particular use in inservice training because they ostensibly focus on the
development of teaching skills. As part of this study, these investiga-
tors surveyed the conditions of inservice training (availabiliry of equip~
ment, space, personnel, time, etc.) in 26 school systems of modest size
in the midwest; they then compared these training conditions with the
conditinns apparently assumed by the hundreds of materials catalogued in
two majot reports (Teacher training products, 1974; Houston, 1973}).
Briefly, the aurhers concluded that the actual conditions of imservice
teaining in the schools surveyed would make the use of many of these
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materials highly impractical. For example, the materials catalogued
frequently required rtoo much training time often assumed the continued
availability of space that did not exist, and somerimes required a com-
bination of audiovisual equiPmentithat was Probably too complex to handle.
In addition, these materials commonly assumed a specialized leadership skill
that was not readily available to the school systems., Finally, and some-
what parentherically, many ©of these materials were actually informatiocnal

in pature; they serve largely to inform or morivare the user rather than to
provide training in a perEormance.

Producing Materials For Training

The thevretical and practical considerations to which we have been
attending are not, however, the only factors that influence the design of
materials. The specific medium with which one cheooses to work 1s also a
significant Factor since cthe latitude for design 1s not the same across
all media. For example, certaln visual effects sometimes used In £ilm
{such as "freeze frames" that stop meotion and thus, in effect, introduce
‘"photographic stills' into a motion picture) are essentially redundant to
filmstrip and irrelevant Lo audiotape. In any event, the actual produc-
tion of materials, the point at which a design idea 1is committed to physi-
cal form, is certain to add some new dimensions to that desipgn idea.

It is only Ffair to point out that(the area of production has its
share of "traps" for the unwary developer; he or she really does need
the guldance of a media production spectralist to traverse the area
safely., As content specialists, we are very unlikely to have the twh=
nical knowledge to handle production problems with finesse and eEficiency.
Our purpose in this section 1s simply tc raise a few general questions
about production for Initial guidance and not to completely "map” a
complex area.

What media are most effective? Alrhough frequently asked, this
question is really unanswerable in a general sense. Even when care 1is
taken to define what ig meant by "efEectiveness" (In terms of learning
outcomes or user reactions, Eor example), one will not find any
decisive data in the literature although empirical studies addressing the
question are plentiful (Levie, in press). Among the reasons Eor this
uncertain state of affairs is the fact that any so-called "single medium,
such as motien picture film, is highly variable across specific Eilms
in design componeénts that may affect learning or viewer response., Thus,
comparing one medium with ancther generally becomes an exercise in
comparing undifferenciated or poorly described media forms.

In short, one 1s not likely to Eind convincing general evidence omn
effectiveness thar will lead to the selection of one medium over another.
A more promising approach has been described and rationalized by Levie
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(in press). Essentially, his im an analytic approach that calls ¢pon the
developer to consider the interrelationships among the learner, leamning
task, and learning environment in terms of certain critical characteristics
that are shared by the medium. At a minimem (and here his dimensions will
be simplified for the sake of clear communication), the developer might
analyze the skill to be learned for critical characteristics that are also
reflected in.specific media forms. For example, if he or she decides that
a specified teaching move has certain cricical gestural characteristics,
videotape or motion picture might wisely be selected as the mediun. because
each has the capacity to communicate visual motion.

Although chere is apparently some evidence emerging on the effects of
different media characterdistics, it is probably wisest at this peint teo
view the question of the effectiveness of a specific set of materials as
one for the developer of those materials to assess through catefully
designed evaluation scudles {see, For example, Gliessman, Pugh, & Perry
1974). Once the spectre of "comparing media" is exorcised, the developer
may even decide te sary the design or the components of that set of
materials to evaluate the effeect of such variation on learning outcomes.
In this way, he or she may begin to generate more generalizable knowledge
about the design of effective materials.

What are the comparative costs of media production? 1In spice of the
logic of this analytic approach to media selection, the author's impression
is that most developers have a bias toward working with certain media tather
than otkers. Of course, one can have more or less expensive biases,
and that is the theme of this section. It is clear that the cost range
of producing in different media is very great. Working through the same
producer (who is exercising consistently high standards) and recording
the same classrtoom episode, one can spend from as litcle as $400 for a
Finished, ten-minute audiotape to as much as $12,000 for a finisked,
ten-minute motion picture in color with sound. Generally speaking, then,
with technical standards and content held constant, it im more costly
te produce on videotape or motion picture film than on audiotape or 35mm
transparencies.

What is equally impottant to understand, however, is that the cost
range within any medium can be as great as the cost range between media.
For example, depending partly upon whether a teacher and student in a
tutorial sesagion or a teacher and a total class is being filmed, oune can
spend from as little as $200 per minute to a3 much as $1200 per minute
of finished film. Thus, ir a real sense, most generalizations about com-
parative costs of producing in different media are probably specious;
the conditions and standards of production significantly influence the
cost of produveing in any medium.
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Is it really critical to meet high technical standards in production?
The answer to this question depends upon rhe phase of development. If a
developer is producing first approximations or "rough dvaits" of an anti-
cipated product. high technical standards should net be a primary concern.
In fact, mych of rthe development work at rhe Mational Cenrer has toutinely
involved the production of such rough drafts during the formative stage
of development and evaluation. For example, prior te motion picture pro-
duccion, Film outlines or scripts are inirially committed to "home made"
videotape production. At this point, high quality sound and picture is
not 2 concern; content and message quality, on the other hand, is. In
fact, attending to high technical standards at this éarly point in develop=
ment 1s probably counter-productive since the emphasis should be on making
needed changes in content andg design Re-shooting or re-editing finished
film is very expensive; revising "home recorded" videcotape iz not at all
expensive.

In the final stages of development. and patrticularly when & decision
has been made to distribute materials to other users, high technical stan~-
dards must be met. It is an illusion to argue that conceptusl elegance or
high content validit¥ will make up for such technical inadequacies as an
inaudible sound track or an cbscure picture. Materials disttibuted beyond
the local level are almost inevitably in competition with a large volume
of "polished" curricular and instruccional materials. What is less obvious
is that, in distributing materials, one is also in competition with a life—
rime of media viewing experience by students who have lived with commercial
television and commercial moticn plcture. Although the conceptual stendards
of much of commevrcial televisicn or Eilm might legitimately be questioned,
thera is much less question about ilts technical adequacy.

What is the best way to generate and record examples of teaching moves?
There ig an assumption in chis question that should First be made explicit.
This assumption is that sudio or audio-visual examples of teaching moves
are central to the development of materials For training in mathematics
education. In other wovds, this question assumes the creation of protocol
materials illustrating teaching moves ands perhaps. teaching stratepies.
Previously in this paper, we have noted the plauslbllxty of such a format
in the creation of useful materials.

The question can be addressed most productivelY by rephrasing it to ask
what are the most efficient procedures for generating and recording examples
that (&) are unambiguous referents of clearly defined concepts (let us call
this choracteristic "referengial validity") and (b) are behaviorally authen=-
tic, rather thao contrived or arcificial {let us call this "behavicral
validity"). With these characteristics in mind, we might assess several
approaches to producing tape or film Eootage.

One very common approach is Eo prepare a complete script of an
episode that {s then enacted and recorded on tape or £ilm. For example,
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one might write and perform a seript of a classroom episode incorperating
instances of specified teaching moves. By this approach to producricn, one
can achieve considerable efficiency and referential validicy (since the
examples of teaching moves are preplanned and specifically written into

the script to be "acted out'). However, this approach leads to problems

of behavioral validity. I[n the first place, in the preparation of a script,
it seems uncommonly difficult to construct an array of illustrative behaviors
having the range and variation of behaviors occurring naturally during the
course of actual instruction. Even if this problem is solved (as it might
be, for example, by drawing examples From extended c¢lassroom observation),
the best prepared seript is still ultimately only as effective as the per-
formers who enact it. Unless these performers are highly skilled (and,

in the author's own experience, this usually implies that they have pro-
fessional skills as actors or actresses), a certain degree of artificiality
or “"stagedness" generally characterizes the performance.

A contrasting approach is to "document or record unscripted and un~
structured behavior occurring as a "natural" part of a conventional in- .
structional episode. More accurately, the only structure provided would
be that content and organizaticnal structure exerc¢ised .by the mathemarics
teacher as part of his cor her norwal classroom instruction. Teaching moves
would thus be "captured” on film as they occurred during the course of
instruction. This approach should increase the degree of behaviocral vali-
dity once the teacher and students become accustomed to the presence of the
recording equipment and production crew. However, the referential validicy
of the examples that do oceur is likely to be a problem; ''naturally occurring”
teacher behaviors are frequently so vague, complex, and confounded that they
do not illustrate the pertinent concepts with sufficient clarity and salience
fFor training purposes. Finally, this type of unstructured approach is notor-
iously inefficient in that it requires the recording of an excessive amount
of Ffootage to cbtain a few “clean' examples.

A third approach was used in producing the film footage for the proto-
col film series, Concepts and Patterns in Teacher-Pupil Interaction
(Gliessman, 1974). Since that series focuses on concepts referring to
teacher behavior, some direct applications cof this approach can be made
to the problem of exemplifying teaching moves. Using what is best called
a "structured documentary" approach to filming, three elements or compo-
nents of each episode were prearvanged.2 Fivst, the "film teacher” was
carefully trained in‘specific teaching behaviors that should occur with
considerable emphasis during the episcde. Second, the specific content
of instructlon was predetermined in consultation with the film teachery
this allowed for the selection and development of content that was most
appropriate for the critical teaching behaviors. Third, the general mede

m:mnm credit is due Michael Waddell, Promoticnal Mavketing Service,
Louisville. As Film producer for this series, he was instrumental in
conceptualizing and successfully executing this filming strategy.
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of teaching (in this case, teacher-led class discussion) was established,
again teo provide the context For the critical teacher behaviors teo occur
with sufficient salience and Frequency. Students in the film were instruc-
ted prior to production only in the general academic content of an episode.
During Filming, they were free to respond to the film teacher spontaneously,
Having no script, the film teacher was similarly free to develop and conduct
the classroom dialogue (in other words, to "teach naturally"). During
filming, che teacher's petformance was “"monitored" for occurrence of the
critical behaviors; reshooting was done when necessary.

From this general Footage, behavior excerpts were later drawn that
most clearly and cleanly illustrated the specified conceprts. Drawing in
this way upon fiimed episodes that had been selectively structured and
carefully monitored resulted in a high degree of referential validity. Such
infitial structuring also increased the efficiency of Filming because unusually
large amounts of footage did not have to be recorded to obtain examples of the
critical teacher behaviors. Finally, the latitvde allowed by the absence of
a2 script resulted in the kind of spontaneity that contributes to a high degree
of behavioral validity. Thus, such an approach teo filming has specific ’
advantages that recommend it as an effective means ¢f generating and record-
ing moves in teaching mathematics.

Summa cy

The thesis of this paper is that change in the training of mathematics
teachers can bhe effected to a significant extent through the creation of
new materials for training. More specifically, the skillful performance
of specified teaching wmoves and strategies can be developed through train-
ing procedures based on specially désigned audiec and visual materials.
Since such training involves boch conceptual and performance elements,
implications For the design of materials were drawn from the empirical
literature eon both concept and skill acquisitien. Since such materials
must be of practical wvaluec in training, implications for design were also
drawn from educational practice. Finally, questions about cthe actual pro-
duction of materials were explored: the comparative effectiveness and
cost of different medla, the importance of technical quality, and the most
effective production stratepy.
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Reflections from Research:
Focusing on Teaching Strategles
from Va;ious Directjons

Marilyn Suydam

The Ghio State University

Introductory Reflections

The search for and the control of teaching strategies has, at one and
the same time, jdealistic and pragmatic geals. The promise of and progress
in the development of a theory of instruction is coupled with the chance of
providing some pertinemt evidence on behaviors which will help teachers
teach more effectively. Ten often, research has focused on the pragmatic
need for an answer to a specific questiom Im a finite amoumt of time. That

"the jdealistic need should also be served by each separate plece of research
has been ignored. The pressure'from teachers to "give me something I can
use tommorrow' has concentrated attention today on materials and activicies.
How to decide when to use them—--and how ro teach--at times seems to
have become irrelevant to mamy. Yet, in the past decade an increasing
number of teachers have become Iinterested in research, and In what research
can tell them abour effecrive ways of reaching.

Compare the reflections of reachers at two levels; the similarity of
their need is obvious.

I am a rescher.
I teach, and children lestn, and 1 hardly kanow why.
I try to figure out what I do as I teach that makes
children learn, buct I can only see some vague clues=-
but there is mo pattern.

1 am a teacher educator, amd I suddenly realize chat I know
virtuvally noching about the act of teaching.

Ch, I can teach.

I can show othérs how to teach.

1 can even tell a few things to do that probably will

make others more effective teachers.

1 can recognize good teaching, and know some of the things
that made that teaching seem good--and I cam recognize
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poor teaching, and know some of the things that made it poor.
But I feel as if ['m playing a game for which I don't know
the rules.

As we rationally explore teaching strategies and aim for a theory
of instructioen, let us not forget that teaching proficiency is acquired
in many ways. The ability to teach, the capacity for teaching, seems
born in some: They do the "right" things naturally, constantly varying
their response to the scimulus that is the learner. Others learn by
watching, by medeling behaviors, by medifying what they have seen others
do. And others struggle just to use the "bag of tricks" they have been
handed in a teacher education program. All can profit from seeing the
patterns of teaching, patterns that are collections of teaching strategies.

Throughout the years, attempts have been made to identiiy the charac-
teristics of an effective teacher. There is someé consensus that it is
important for a teacher: (a) to like children, (b) to communicate with
learners, {c) to know what to teach and to like that content, (d} to have
a philosophy of teaching, and (e} to understand how to teech.

But for years, researchers in mathematics education (as well as other
curricular aresas) have seemlngly been aveiding the main point as they have
attempted to ascertain what makes an effective teacher. They explored
the teacher’s background, the number of mathematics ¢ as the teacher
had taken, the age of the teacher, the number of year { experience the
teacher had, and a host of other factors, to determine correlates of
teaching effectiveness. Certain correlates were indeed found, such as
warmth and enthusiasm and managerial ability. But such correlates have
little promise as variables for controlled experimentation on the rela-
tionship between teacher behavier and student achievement. Despite the
fact that in study after study limited correlaclons or few useful ones
were found, the pursuit went on.

Thank goodness we are nc longer so myoplc. We may never f£ind strong
correlates of achievement: Perhaps the process of teaching is too complica-
ted for thut. As Fey (1969b) noted:

The question of predicting teacher effectiveness

is not gimply answered by direct measurement of obvious
variables, but must be viewed as a complex interaction of
several interrelated classes of variables. (p. 541)

At long last we are looking at the process: What is it that does go on
in a classroom, in lesson, in a moment of teaching? What is it that
the teacher does which contributes significantly to the student's
learning? Analyzing what actually goes on in the classroom, to find
clues about what effective teaching is, seems so utterly realistic

that it is amazing that so much time was wasted in not doing just that.
Perhaps we will find out more about %ow to teach teachers to teach, with
the ability to understand why cercain teaching procedures work and the
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capability of generating more effective strategies. Perhaps we will Ffind
out how to predicr what will happen under specified conditions, so that

we can Select strategies that will ansure learning. {However, we must also
keep in mind as we ohserve what goes on in the classroom that what teachers
de may not be what teachers should do. For instance, Brown (1973) reported
a very heavy dependence on the textbook by the 42 algebri teachers and their
classes whom he studied. Mathematics became a sterile sequence of homework,
discusslon, and new homawork.)

While the search for what makes a teacher effective pursued its
course into the teacher's background, other research with a different goal,
ignoring the specifics of the teacher—learner exchange. explored comparative-
ly more general areas: what content to teach, whether to use this algorithm
or another, or the effects of alternacive methods. Teaching strategies
were implicit in each, but usually only generally or globally defined. Many
times, in one way or another, it was ''concluded" that the reacher made the
difference, that almest any alternative procadure is efFective when employed
by a good or effective teacher. {What a gocd or effective ceacher Ls, how-
ever, was undefined.)

We have confirmed many things with these studies. We can point to
research and indicate to teachers certain things that research has made
evident. Some are specific; for instance, algorithm A promotes achieve-
ment berter than algorithm B. We have also confirmed the effectiveness or
appropriateness of many procedures which can be generalized almost as

"rules™:
l. Plan systematically.
2. Base instructlen on the readiness of pupils.
3. Group pupils and have pupils teach each other.
4. Teach with meaning.
5. Teach for transfer.
6. Morivate and pr.ise.
7. Provide practice Following understanding.
8. OSpend at least half of the class time on developmental activities.
9. Use concrete materials before proceeding to abstractlon.

10. Provide periodic ruview and spaced practice.
ll. Diagnose errors and provide instruction on the basis of diagnesis.
12. Teach a variety of problem—sclving procedures.

These obviously do not combine to form a theory of instruction, In
fact, only recently has there been serious recognition of the need for a
theory of instruction and a serious attempt to develop and find evidence
to support a theory of instruction. Among the various attempts in mathe-
matlcs education to develop such a theory, are two which are attacking the
Problem from different directfona. The work of Heimer and hig students
{Heimer & Lottes, 1973) is an effort to define sequences of instruction and
, the variables related to sequences which affect learning, generally at the
elementary-school level and highly related to learning outcomes such as
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transfer and retention. Our concern is with the other instance, the work
of Henderson and his students who define strategies of teaching and
variables related to teaching strategies which affect learning, generally
at a post-elementary-school level. Mention is made of the existence of

the two approaches in order to point out two facets which they have in
common. In both instances, a model f the research has been rationally
developed. and the attempt to confirm and expand portions of that model

is being made through a set of coordinated studies. These two facets alone
are firm ateps forward in eduycational research.

Dossey {in this momograph) provides a concise presentation tracing the
development of relevant work on teaching strategies as defined by Henderson's
model for teaching concepts. He gives an excellent summary of the status
of thought and research on the topic. He has excluded some studies not
relevant to his purposes (e.g., Cooney, 1970; Wolfe, 1969) in order to
focus on those studies which have tested the utility of Henderson's models.
Dossey’s questions are valid ones; reflections of them will arise elsewhere
in this paper.

The extension of the model he proposes holds some promise for goordi-
nating Future research efforts. The model needs further specification,
for example, specific content and/or grade/age levels need to be incor-
porated. If research iz to be effective at developing a theory, each
study must be defined preclsely in terms of its relationship to any other
gtudy based on the model. Merrill and Wood (1974) carry this one step
further; they proposed that every study should be related to every other
study through clear specification of each component. Coordinated planning
must incorporate all aspects of a model, and a model must explicitly in-
corporate all aspects of concern in research.

In addition to Further research, there iz also a need for {exact)
replication of studies. Dossey makes this evident as he attempts to
compare the Rector and Henderson (1970) and Dossey (1972) findings. The
strategy not used by Rector accounted for the differences in Dossey's
study. There is no way of determining the meaning of this difference or
the stability of any findings unless a study is conducted which parallels
a given study. He alsoc attempts to compare the findings of Rollins (1966)
and those of Caston and Kolb (1973}, Too many variables are being changed
at once. In the artempt to "prove" the model or theory as qQuickly as
possible, we must not lose sight of the need to interpret and interrelate
findings. There are two distinct aspects of research related to strategies,
and we need information on ea~h: (a) What goes on in the claassroom between
teacher and student as Specific strategies are manipulated and {b) is there
a relationship between what can be observed and pupil achievement?

There are literally a horde of variables which must eventually be
considered. These variables muat be built into the model in some way and
explored systematically. Many are noted in other papers of this monograph:
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for instance. timing or pacing of instruction, ability level of students,
characteristics of students (e.g.s learning styie), and type of content.
There are many questions to consider as the research model 1s expanded and
as each individual study is designed. WNot a]l questions can be answered,
but the problems implicit In their formulation must be recognized.

Reflections from Research

It is frequently frue that a research study wil) raise more questions
than it answers. Let us consider some studies which have been selected
because they provoke some questions which should be considered in conrec~
tion with research on teaching strategies. All are drawn from the sel of
studies on mathematics education. Quality was not the determining factor:
Some studies have obvious "faults," and may have been selected for pre-
cisely that reason. Each study and/or the findings from it are briefly
described to define the setting from which the question arises. Hope-
fully, the source of and/or the reasons for the questions will thus be
apparent. Some of these questions are stated for emphasis of points noted
.elsewhere in this monograph. Some point out the need or advisability of
considering certain variables which are not explicated in other papers.
Some cannot be answered by research, while ggme could lead to researchable
problems. There is no attempt to raise all of the questions which might
arise from a cited study; rather, one or two which might cause the reader
to develop others are posed.

Nor unexpectedly, many of the studies cited involve some form of inter—
action analysis (e.g., studies 1-12). AsS researchers have tried to analyze
what goes on in the clasgsroom, various instruments or procedures have been
developed and used, Until systematic procedures were devised, in fact,
.attemprs to analyze what happened in the classroom were rather counfusing.
Research with these instruments has added to our knowledge of classroom
occurences, though it must be kept in mind that what is "found"” is a
reflection of what an instrument or procedure allows to be recorded.

Since questions are cone of the valued techniques for teaching, evidence
an what types of guestions teachers ssk is useful. Some studies of teacher-—
pupil interaction which focused directly on _the type of questions are cited
{e.g., studies 13-17).

One study (18) uses a computer to simulate a teaching incident.
Studies related to Henderson'’s model phave moved from uyse of programmed
instruction as the teaching mode to study of the teacher in the classroowm.
Use of either creates certain problems. With programmed instruction, there
is precise control of the strategies, bul the interaction is alse controlled
—~ and I1imited. With the actual teacher in a ¢lassroom, that very ianter-
action can mean less control of the strategy being used. CAIL is preposed
as an alterpative, or as an intermediate stage betweer Programmed ipstruc-
tion and "live," interactive classroom instruction.
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Embedded in the teaching strategies proposed by Henderson, and
explicated more extensively in some studies (e.g., studies 19=21), is
the use of nonexamples and counterexamples. They point out a particular
problem, one of definitions. A lack of agreement on definitions or use
of terminclogy plagues much vesearch. The meaning of the terms "non-
example" and "counterexample" is presented by Henderson (1967).

Nonexample: An object which is not a member of the
veferent set (that is, not an example) is designated. Usually
this move is employed when experience has shown that students make
errors based on not knowing certain necessary conditions.

Counterexample: An object is named {or otherwise designated)
that falsifies a generalization purporting to characrerize
rhe members of the referent set. This move is used after a charac-
terizing move and is never the fivst move in a concept venture.
it is o;ten used to enable a student to covrect a misconception.
{p. 576

These definicions may be clear; bur all researchers have not made this
distinction in their use of the terms. To confound the Situation more,

a third term "nepative instances" is alsc used, probably as a synonyn for
nonexample, but possibly as a generalized term te cover both nonexamples
and counterexamples. This makes research on this facet somewhat difficult
to interpret, particularly in cases where specific illustrations are neot
included in & research report.

Now let us consider rthe selected studies and some questions.

Study L: Options from Organization

With a statement about the nature of teacher-student interaction,
Hudgins and Loftis (1968) described the options of students and teachers
in the c¢lassroom:

Interaction in the classroom occurs ruder special conditions
that ser it apart from interactionm in other kinds of settings.
In most cases the teacher originates the imtevaction. The
teacher has the prerogative of raising questions, setting
tasks, and evaluating behavior independently of the desires
af pupils. In the avithmetir class the teacher is free to
demand interaction with any pupil at any time, but the con-
verse 18 not altogether true. Usually pupils interact with
the teacher only when, 1n effect, the teacher signals that such
interaction is permissable. While interacticn in the classroom
cap be initiaced either by the teacher or the pupil, it is
important to remember that pupil-i{nitiated interactions are
contingent upon teacher sanction. {p. 146}
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1n twelve Eifth~ and sixth-grade classrooms, Hudgins and Loftis
studied 11 "visible," 11 average, and 9 "invisible" students. ("Visible"
and "invisible'" students were high in arithmetic achievement, but differed
in the extent to which peers recognized thar ability.) It was found that
the students did not differ in the average number of interactions with the
teacher or in the feedback they received from the teacher. The teachers
appeated to be remarkably consistent in distributing interactions equally
among students and in evaluating student responses. Visible and invisible
students initiated interaction more frequently than the average students
did, but teachers tended to compensate for this difference by initiating
interaction more frequently with average students than with the visible
or invisible students.

Questions: Haw doss the way in which a elassroom is organized affect
the type and quality of teacher-student interaction? wWhat type of organi-
zation ig implicit in each Henderson-oriented study on strategies?

Study 2: Teacher Awareness

Strickmeier (1971) attempted to (a) describe and compare patterns of
teachers' verbal behaviors in seventh-grade mathematics classes grouped
by ability and (b) determine if seventh-grade mathematics teachers have
different perceptions of their verbal behaviors and different expectations
of student behaviors for classes of different ability levels. He had
teachers complete a questionnaire concerning their expectations of behavior
within each class, and then he observed each teacher three times with a
high-ability eclass and three times with a low~-abiliry class {using the
OScAR-3Y).

Analysis of the data revealed that the teachers did have different
perceptions and expectations for the classes ¢f different ability levels.
But despite these differing perceptions and expectations, teachers'
behaviors wete not different for the classes at different ability levels.

Questions: What relationships do and/or should exist between teachers'
expectations and their choices of atrategies? What student characteristics
should be considered when selecting samples?

Study 3: More on Teacher Expectations

Kester {196%) found by vbservation that seventh-grade teachers communi-
cated with their allegedly bright pupils in a more friendly, encouraging.
accepting manner. As the pupils’ positive communication to the teacher
increased, the teachers' communication to the pupils tended to be positive.
Teachers alsoc spent more time communicating with them. Nevertheless, pupil
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achievement was not significantly affected.

Question: Hov does the way inw hich a teacher pia o each student
affect the strategies for and responses of that student and the ctass?

Study 4: Training For Interaction

Smith (1971) worked with a group of preservice elementary teachers.
They defined evaluation and discussed its purposes, formulated guidelines
for observing classes, ohserved and discussed filmed lessons. cooperated
in the development of an observation instrument, and independently used
it while cobserving six additional films of elementary mathematics teach-
ing. Then they were cbserved while teaching, using the Adapted 0ScAR-(EM) .
Smith reported a greater frequency of (a) use of jdencified vocabulary,
(b} pupil-teacher interaction, and (¢) total strategies. Smith concluded
‘that these could indicate that the treatment eXperiences might have carried
over into the classroom.

Questions: Whet tupes of experiences should be given to teachers to
make them moore of (a) the role of teacher-pupil interaction and () how
toe develop effective teacher-pupil interaction? Mght it be that what ig
important is not the particular tzchnique used with teachers, but the
development of an understanding of teacher-pupil intervaction and of
teaching itself?

Study 5: Effect of "Effectiveness”

Dimeclo (1969) reported that students in grades 3 through 6, with
highly effective teachers, did not differ significantly in their mathe-
matical achievement from students with less effective teachers. (Teacher
effectiveness was determined by differences in teaching patterns. as
measured by the 0ScAR, which were related to pupil gainsg in mathematical
computation. )

Question: What variables and/or definitions affect a research atudy
8o that 1+ appears that students gohieve equailly well with highly effective
and less effective teachers?

Study é: Student Participation

Robitaille (1969) provided evidence that the effective mathematics
teacher at the secondary level seeks to increase the level of student
participation in the lesson significantly more often than does the less
effective machematics teacher.

Q 197
15




-193~

Quastion: What 18 the relationship between amount of student parti-
eipation and quality of student participation?

Study 7: Time Allocations

Stilwell (1968} studied the behavior of twelve inservice secondary
teachers during problem-solving activities in a geometry classroom. A

_Bixteen-category instrument was developed, with ten categories for teacher-

talk, four for student-talk, one for secuctured silence, and gne for non-
classifiable activity. Analysis of the data showed the following: {a)
teacher~talk consumed approximately three times as much time as student-
talk: (b) less than three percent of all rime in problem-solving involved
the aceivity described as "method for solving 2 problem™; (c) approximately

- elght percent of all time was coded as structured silence; (d) looking

EE

back at the sclution or looking ahead to its implications consumed approx-
imately seven percent of the time; and {e) behaviors in only three of the
twelve classes observed differed significantly when engaged in review or
in iaeroduction of new content.

Question: What percentage of time iz "appropriate” for mgthematics
teachers to spend in each category for a given type of mathematics
activity?

Scudy 8: Classroom Climate

Vayda (1968) had fourth-graders work on problem-solving tasks. To
analyze proup performance, he uysed Withall’s Social-Emorional Climate

Index, which categorizes ceachers' verbal statements and classifies them

as predominantly learner-oriented or teacher-oriented. The classes of

teachers who were learner-oriented (a)} demonstrated more effective group
plamning, (b) demonstrated freater autonomy in conducting planning discussions,
(¢) formulated more precise plans of action, {d) were more efficient and
guccessful in solving the problem, and (@) had greater congruence between

plans and actuyal apptoach used.

Questions: Haw does the social-emotional climate affect the teacher’s
choice of sirategies and the students' responses? Should climate pe
coneidered in ghe model?

Study 9: Moves and Strategies

Fey (196%a) developed an instrument to describe both Pedagogically
and mtthematically significant components of teacher—studene interacrion.
Four scssions each ¢F five different classes were tape-recotded and the
recordings were transcribed. Each transcripe was particioned into a
sequence of moves which were then described according rp soutce; peda-
goglcal purpose (strutturing, seliciting, responding, or Teacting); dura-
tion; mathematical content; mathematical activity (developing, examining
or applying a mathematical system); and logical process (analytic, facrual,
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evaluative, or justifying). He found that: (a} each teacher spoke more
than all of his students; (b) each teacher dominated the pedagogical
Functions of structuring (80 perceut of these moves), soliciting (85 percent),
and reacting (85 percent), leaving.responding as the major student activity;
. (c) over 50 percent of all moves were statements or questions of facts, 25
percent were evaluations, and the remaining moves were divided between
justifying and analytic process; (d) content emphasis in all classes
followed closely the sequence of the textbook chapter being studied; and
{e) teacher influence in shaping the direction of classroom activity
differed From class to class, but the difference was primarily one of
degree rather than kind.

Question: What is the correspondence betwesn Fey and Henderson-
ortented studies on (a) definitions of moves and strategies and (b)
murbers of moves and strategies cbserved?

Study 10: CGrade/apge Level

Mahan (1971) used a system of verbal analysis based on Smith and
Meux's (1970) categories, adapted to suit the level of kindergarten dis-
course, Eleven basic moves were included: <Characteristic, Classification,
Analysis, Analogy. Differentlation, Instante Comparison, Instance Pro-
duction, ~Positive Instance, Substantiation, Negative Instance, and Non—
codable. Analysis of tape racordings revealed }1%4 interactions im the
16 lessous taught by four student teachers. Descriptive language accounted
For 45 percent of the interactions. Comparative actions were least used
(11 percent). Instantial moves were used in 41 percent of the discourse.

Patterns were based on blocks of nine sequential moves and identi-
fied according to seven types. The mesn was 33 patterns used by each
student teacher. Type V¥, a combinacion of Descriptive and Instantial
actions, was most frequeatly used.

Questions: How do strategies used by teachers at different grade
levels difjer? What is the role of patierns in relavion to strategies?

Study 11: Balance of Moves

Beltack's (Bellack, Kliebard, Hyman, & Smith, 1966} scheme was used
by Gordis {1973} to describe che interaction in four first-grade classrooms
during instruction oa serial ordering. The teacher dominated the discourse
by maklIng two=-thirds of all moves as well as most of the initilatory moves,
89 percent of the solicitimg moves, and 953 percent of the structuring moves.
Pupils made 92 percent of the respending moves and teachers 74 percent of
the reacting moves., It was also noted that simpler cogaltive actions were
more likely than more complex ones to be formulated in operational language.
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This latter finding was interpreted as giving evidence that evaluation
of language usage could Teveal the developwental leval of children's
thought .

Questions: What factoras cun change the percentage of momes in each
category? Has do language and content intevaet with teaching strategy?

Seudy 12: Lanpuage Patterns

Gregory's (1972) major objective was to determine the relarionship
between the frequency of use of the language of conditional logic by
mathematics teachers and their seventh-grade students' conditi~nal
reasening ability. He audiotaped each of twenty teachers' classes five
times and administered a rfeasoning test to students at the beginning and
end 0f the Semester. The teachers were ranked on the basis of analysis
of the frequency of their conditional moves, that is, how often they
used "if-then" languape in their teaching. Students of teachers who
more freguently used such langauge outperformed students of teachers who
made fewer such statements. Thus teachers, through the use of logical
language in a variety of situations, apparently helped students to
develop greater achievement in the aspect of logic considered.

2uestions: Does having teachers focus on specific types of Language
help students in achieving certain edueational goals velated to that
language? What language patterns do teachers use? What is the gffect of
these patterns on gtudents' performance? ' {As one exampla, if some teachers
use many nonexarples, do their students tend to use more nonexamples
in their am thinking, or when discussing mathematics?)

Study 13: Level of Questions

Meckes (1972) studied reacher-pupil interaction and teachers’ ques-
tioning patterns for mathematics in grade 6. A tape recording was made
of one class session conducted by each of 100 teachers. Ten-minute seg-
ments 0f each tape were analyzed, and all teachers' questions were tran-
scribed from the 10U tapes and classified 1lnto one of seven categories
in the Taxonomy¥ of Mathematical Abilities. Meckes stated:

The results obtzined from the Flanders Interaction Analysis
appear to indicate that the role of the mathematics teacher has
not changed from that of giving information to that of guiding
learning experiences. This concliusion was supported by the follow-
ing evideace: The teacher spent 61.5 percent of the time talkiog.
Direct influence accounted Eot 50.2 Percent of the teacher talk.
Although influence amounted to 49.8 percent of the teacher talk,
the largest portion of this was in the questioning category. Since
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most of these questions were very narrow, they provided
little opportunity for students te exprass their own
ideas. (p. 4246}

Alehough one of the primaty objectives of new mathe-

matics is to foster a spirit of inquiry and to develop creati-
vity, only .5 percent of the rotal questions were placed in the
synthesis catepgory. The rwo low cognitive level catepgories
accounted for 79.5 percent of the questions asked. {p. 4246)

Question: Could/should the level oj teacher questions be incorporated
- T )
as a dimenston of the teaching move or stratagy?

Study l4: More on Levels

Friedman (1973) attempted to develop a system that would describe
the extent to which teachers Seek two important goals of a geometry course:
eliciting high levels of student thought and learning the nature of proef.
He also investigated the relationship between a teacher's questioming
behavior and the performance of his students on a rest designed to assess
understanding of the nature of proof and the ability to think on various
intellectual levels.

Thirty-five lessons taught by 15 teachers were tape-recorded as a.
geometry rheorem was being raught. .The coding was by teacher's question
and by mathematical activity. The median percent of questions at the
memory level was 23, considerably less than the percentage typically
asked by teachers of other subjects. Comprehension questions were asked
more Erequently than other levels of questions; the median was 56 percent.
The median percent of application questions was 18, Of 1841 questions
asked, only four were higher-level questions, and only twenty involved the
natyre of proot.

The frequency of the application questions a teacher asked in class
was positively assoclated with student performance on test jitems at
the applications level. For the other types of questions, however, the
number of questions a teacher asked appeared to have no clear relation-
ship to srudent performance gon test items of the same cognitive level.

Questions: Haw does the level of question interact with the specific
content being taught? I8 there a relationship between the findings of
studies Ilike thia one and a study on teaching strategies such as Frank's
{see Qoank's paper in this monograph), in which test items were at
different levels?
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Study 15: Content Effaect

Kysilka (1970) observed 24 teachers (six each in eighth- and eleventh-
grade mathematics and social studies) four times, recording their verbal
behaviors with the 0ScAR-5V. Among the findings were:

1. Mathematics teachers asked more convergent and fewer divergent
questions, used more procedural-positive questions, and made wore directing
and describing statements than did social studies teachers.

2, Mathematics teachers talked significantly more than did social
studies teachers.

3, The proportion of pupil-initiated statements to teacher state-
! ments was significantly greater 1n gocial studies classes than in mathematics
classes.

Huestions: Hor much contreol does (or must) the content exert on the
patterns of intercction used by e teccher? Are there some behaviors which
teachers exhib it in other content areas which could and shouldbe applied
to the teaching of mathematics? ;

Study 16: Training for Questioning

In a study wich 30 science and mathematics teachers, Adhikary (1973)
gave the experimental group an instructional program Trequiring the students
to work through a programmed instruction unit on classifying reacher ques-
tions, discussing the use of different types of questions, writing questions
in lesson plarning, and discussing reasons why students do not answer teachers
questions. The teachers' question-asking behavior was changed following this
instruction. They used more coavergent, divergent, and evaluative gquestions,
and fewer cognitive-memory and managerial questions than did those who had
not had the instruction.

Quegtion: Har does instruction on question-asking interact with
tngtruction on teaching strategies?

Study 17: Effect of Microteaching

Misbet (1974) used microteaching with audiotaping to help secondary
mathematics teachers significantly increase their percentage of use of
application and analysis questlons.

Question: To what extent can microteaching esperiences be used to
tmpreve the number, type, and quality of moves and strategies a teacher
uses?
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Study 18: Training Via CAl

Fiake (1974} explored the feasibiliey of using interactive computer
simulacions to sensitize preservice secondary mathematics teachers to
various questlioning strategies. Programs were developed for lesson planning,
Henderson's moves and strategies, Polya's approach co problem solving, and
a simplified learning theory. Nineteen of 25 students increased their
behavior of modeling the prescribed problem-solving strategy; 22 demonstrated
an increase in going beyond the first responses of a student.

Questions: What are the advantages of using CAI over fa) progrommed
instruction and (b) actual classroom cbservation? Is it plausible to
consider use of CAI as an intermediate stage between the other two? [oes
tke use of CAI result in findings that do not apply when a teacher is using
the same strategies?

Study 19: Counterexamples for Justification

Wolfe (1969} investigated the verbal activity of justification as it
is carried out In the classroom by secondary mathematics teachers. Record-
ings of 23 class sessions of 11 teachers were analyzed. Eight strategies
were identified: six strategies of validatioa amd two strategies of
vindication. A finding from the data is chat the use of counterexamples
to disprove a universal generalization was noted in six percent of the
ventures. This may be compared with the pse of other types of justification:
subsuming generalization, 33 percent (the most frequently used justification
in algebra); deductive preoof, 23 percent in algebra, 38 percent in geometry
(the most frequently used justification in geometry); one Or more supporsing
instances (the most frequently used justificarion in general mathemarics);
and pragmatic reasons, 12 percent.

Quesiion: Has does this reflection of the actual use of counter-
examples reflect the relative tmportance of their role?

Study 20: Importance of Nonexamples

Sheppard (1972), in a study with 160 fifth-graders, reported that

(a) pglving divergear examples was superior to giving convergent examples
and (b) giving matched nonexamples was better than glving nommatched non-
examples. Examples were Alvergent 1f all three irrelevant attributes were
varied and convergent if one irrelevant attribute was varied. Nonexamples
were matched if one or two attributes were varled and unmatched if four or
five attribures were varied. The dependent variable was the comparison of
the student’s generalization-discriminatlon pattern to four predicted pat~
rerns.
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Questions: Has does this specification of type cf exwnple compare
with the definitiona of other research? Ha: eontént-specific are the

findings on the use of nonexamples?

Study 21: "Negative Instances': A Confirmation?

Shumway (1971) designed a study to determine whether an extensive
treatment of counterexamples ("nonexamples" using Henderson's {1967)
definition) in the development of certain mathematical concepts in
grade 8 would result in significant differences in wean scores on tests
of {a) general mathemetics achievement, (b) specific mathematics achieve-
ment, (c) inductive reasoning, (d)} syllogistic reasoning, (e} reading mathe-
matical definitions, and (f)} tendency to overgeneralize. The study wvas
conducted for 65 class perlods gith 84 atudents in four classes; content
included quadrilaterals, exponents, and operations. The experimental
treatment contained an equal pumber of positive examples and counterexamples
{nonexamples). The control treatment contained only positive examples. The
use of counterexamples (nonexamples) was found to have a significant effect
on stydents’ tendency to overgeneralize the properties of operations.

Shumway (1972, 1974), using CAL as the {instructional mode, has also
found that the yse of negative instances (nonexamples) as wvell as posi-
tive instances (examples) resulted in higher achievement than the use
of positive instances (examples) alone.

Ruestions: wWhat is the correspondence between the definitiong of
Yooncept™ and "strategy” used in these studies and in the Herderson
gtudies? What, if any, effect does the focus on learning rather than
on teaching have? Does the comparatively nomverbal presentation used
in the CAL studies affect achievement?

A Comparative Comment

Dossey (in this monograph) summarizes a study he pconducted which
involved the use of examples and nonexamples in teaching disjunctive con-
cepts (see pages 68~74 of this monograph). The example approach, in
which the mix was one nonexample to two examples, was more effective 1n
promoting stydent acquigition of disjunctive concepts than the non-
example approach, in which the mix wvas twvo nonexamples to one example.

Dossey's concern is obviously different Erom Shumway's. Dossey
might label his treatments "example snd nonexample.” byt he is actually
concerned more with the questlon, "What is the 'best' number of examples
or noneéxamples to yse?" He accepts the efficacy of using nonexamples.
Shumway, on the other hand, is asking, "Is the use of nonexamples help-
ful to students?”
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The two studies each carefully controlled this variable, but on other
variables their design differs. 1In his original study, Shupway {1971} con-
ducted his research in a classroom setting, with teacher-pupil interacticn
uncontrolled on dimensions other than the independent wvariable., In later
studies, he used a relatively ponverbal approach on CAI, with mathematical
sentences being the mode of query. Dossey controlled the teacher effect
by using programmed instruction. Comparisons across the Shumway and Dossey
studies could be interesting because of these varying modes, if they had
been attacking the same question.

A serious limitation of Dossey's study is that the disjunctive con-
cepts were contrived. In the studies Shumway has counducted on CAIL, a
parallel limitation arises, as students react to countent which may appear
similar to known content but actually is different. The transfer to reality
is reasonable, byt exploration with "real” content is also needed.

Comparisons can be juteresting. Using what we learn from them, we
can design studies that avoid previous problems. Sometimes we can even
put results together and find verificatfon for findings that jis strounger
because it comes from varying sources.

Comments on the Questions

The questions which have been raised in this section only begin to
tap the reservoir of questions which could be asked, Some are very speci-
fic and can be answered by analysis or investigation. Some might provoke
the design of s study. Some were intended to indicate concerns that
do not at present appear to be reflected in the Henderson-oriented
studtes. Tu general, such factors as the organization and climate of
the classroom, the awarzness and expectations of the teacher. the
type of training for interaction and guesticning, the amount of student
involvement, the time allotted, the agefgrade level, the specificity of
definitions, the type of language used, and the content selected for a
study represent a few of the many facets that must be comnsidered im planning
research. A& moedel for research on teaching strategies should make proevision
for them, especially so that continuing, coordinated research can be planned.

Deeper Reflections on One Study

Swank's paper {in this monograph) provides an opportunity to censider
several specific Facets of one study. He presents an eXample of a study
that is carefully delineated and conducted which invesiigates (a) whether
regulating the amount of content information contained in instructional
strategies is a significant factor affecting student achievemeut and (b)
the effect of teacher-pupil verbal interaction osn studeut achievement.

The points to be cited with reference to his study are ones which are
important to consider as other studies are designed. Some of the questions
in the previous section might also be applied to Swank's study (e.g.,
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see questions for stwdies 1, 3, 6, 7, 9, 11, 13, 14, and 15).

Selection of Toplc

Swank bhas met the primary criterion to be considered when evaluating
research: Is the study attacking a question that is significant and worth-
while? His study is related to other Henderson-oriented studies, investi-
pating a facet of the model not before s*udied, and in addition is related
to a question of concern in teaching aside from its relationship to the
rodel.

Specification of Variables

In Swank's study, as is frequently the case in research, the defini-
tions of many variables are presented operationally. This is generally
more than satisfactary for a given plece of regearch, and in some instances
promotes replication and/or interpretation across studies. Byt there are
problems ip that the definitions do not always sllow for the scope of
reality. Consider, for instance, the "amount of content information"
which is described in Swank’s study by the number of content moves. Are
all units of content information actually equivalent? 1Is it possible to
make x number of concept moves under one strategy and y number under
ancther stratepy -- and thus affect the level of learning?

For the sake of the precision of operational definition, researchers
must describe the variables within bounds =~ but let us recognize that
we are at the same time placing limitations on the findings. ©On the whole,
however, the variables are clearly defined in this study, as are the hypo-
theses., The design is clear, incorporating many facrors of concern.

Assumptions

As he investigates the gffect of teacher-pupil verbal interaction
on student achievement, Swank states an assumption geeributed to Snow
that "'the probability that students are cognitively involved is directly
proportional to the amount of overt participation.” Are we then assuming
that students de not learn from merely listening? Should we yse verbal
responses as the only measure of cognitive involvement? This question

. also pertains te studies other than this vne; such assumptions
. must be logically analyzed.

Student Characteristicss

The premise in this and other studies appears to be that the same
type of interaction and the same content are suitable for average and
high achievers. Byt might it be that the moves and strategies used in
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the study were actually more appropriate for the high achiever, and thus

the results were influenced by Ehis? Perhaps we need different strategies

for different students. We verbalize the need for different appreoaches in
teaching low achievers; we need to consider {and apply) far more understanding
of individual differences as we design research and as we teach.

Control of Variables

Only one af many instances of careful contrel of variables in Swank’s
study will be cited: daily monitoring of the audiotapes. This assured
that the treatment strategy was being implemented and is certaiunly a sound
research technique. If the variables in a study are not well-controlled,
the findings may be invalid or, at best, must be Interpreted with care.
Many studies are open to this criticism. Sometimes better control is un-
feasible or impossible. Ar times, however, researchers overlook details,
such as moaitoring the lessons, that are qQuite possible.

Data Presentation

Swank’s ﬁresentation and discussion of the data are carefully done;
each finding is discussed and the conclusions are stated without over-
generazlization. Presenting data is often well done in a research report.
The discussion of the results and statements of conclusions are not So
often done well: There is a great tendency to go further than the data
warrant. When it comes to stating implications, some researchers manage

© to present everything they believe =-- although these things may be far

removed from the study being reported. This is particularly of concern
since so often the relatively naive reader assumes that these are results
from the research.

Swank’s study, despite limitations, warrants replicaticn and extension
to other types of content and other types of knowledge. Subsequent studies
related to Swank'’s work might consider the various questions identified
above in the previous discussion.

Last Reflections

Ho actempt will be made to state conclusions or to summatrize. Instead,
five reflections will be restated -- points that must not be forgotten as
we explore teaching strategies:

1. Teachers are individuals, and learn top teach in many ways. To
analyze the process and to attempt to follow the analytic model may be the
best way for some; modeling behaviors they see another teacher use may be
the most effective way for others. Perhaps there are some teachers for
whom specifying strategies is of more help than it is te other teachers.
This Factor must be considered as we select teachers for participation in
research studies.
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2. The reason for the Focus ou verbal behaviors is obvious -- but
let us not completely overlook nonverbal communication. The facial expres=-
sions, the tone of voice, the rapport between teacher and learner all are
important. Perhaps "rapport" is the ultimate Ingredient of effective teach-
ing.

3. Maony things aid in making a teacher effective =-- things like the
teaching/learning environment, creativity, knowledge, ability to evaluate
one’'s own behaviors, love of children, love of teaching —— in addition to
command of strategies.

4. What may be an effective strategy for teaching mathematics at oune
level way not be appropriate at another level. Further, it has beeu
obgerved that some moves are nuot possible with certain types of couteut.

At this stage in the research process, let us be specific iu stating what
we believe may be the limits of generalizability for use of specific moves
and strateglen. .

5. As we concantrate ou teacﬁiug =nd the teacher, let us not forget:
{(a} the learner, (b} the context or environment, and (c) assumptions
about each that must be made. For example, consider discipline and
readiness. Teachers cannot teach effectively, no matter how well they
can manipulate teaching strategies, 1f the learner does not want to or
is noc prepared to learu.

6. let us continve to be systematic in the way we vary the different
aspects related to strategies. Let us be careful in selecting and precise
in defining the strategies being used, the coutent being taught, the
environment iu which the study 1s conducted (both school factors such as
organizational structure and classroom factors such as the type of materials
available), the attributes of the students being taught, the measures of
student performance or learsing. A descriptiou of the teacher aside
from the treatment he is using and samples of the lessons and materials,
rather than general descripgions which can be interpreted in varying ways,
would also be halpful, Every research report should contain a concise but
comprehensive description of any of the aspects of the research situation
which might be pertinent.
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